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Loi cam doan

Toi xin cam doan day 1a cong trinh nghién cifu cia tdi, dudi su huéng dan cta cic
can bo trong tip thé huéng din khoa hoc. Céc két qua viét chung véi cac tac gia khac
déu da dudc su nhat tri clia cac dong tac gia khi dua vao luin 4n. Cac két qua, sb liéu
trong luan 4n 13 hoan toan trung thuc va chua ting dudc ai cong bd trén bit ky cong
trinh nao khac. Céc tai liéu tham khdo dugc trich din day du.

NCS. Tran Thi Huyén Thanh



Loi cam on

Ban ludn an nay dudc hoan thanh tai Trung tdm Toan tng dung va tin hoc, Vién
Cong nghé Thong tin va truyén thong, Hoc vién Ky thuat Quan su, dudi su huéng dan
ctia PGS. TS Bui Vin Dinh va TS Hy Pic Manh. T4c gia xin bay t long biét on chan
thanh va sau sac t6i hai thiy huéng din. Cac thay da ludn danh cho tro su quan tam,
dong vién, gitp dd rat tan tinh trong sudt thdi gian 1am nghién ciu sinh, dic biét 1a
PGS. TS Bui Vin Dinh, ngudi di khong quan cong stic, ting budc dan dat, truyén cho
trd niém dam mé hoc tap, nghién cifu, ciing nhiéu ky ning, kién thic quy bau, dong
thai ludn khich 1€ tro tiing budc vugt qua nhitng khé khan, thi thach trén budc duong
hoc tap, nghién ctiu.

Tac gi4 xin chan thanh cdm on c4c Thay C6 trong Trung tim Toan ting dung va Tin
hoc, anh chi em, dong nghiép trong Vién Cong nghé Thong tin va Truyén thong, Hoc
vién Ky thuat Quan su di luén quan tam, tao diéu kién va da cho tic gia nhiing y kién
dong gép quy bau trong sudt qud trinh hoc tap.

Tac gia tran trong gui 16i cdm on dén Ban Giam ddc, Phong Sau Pai hoc, Vién
Cong nghé Thong tin va truyén thong, Hoc vién K§ thuit Quan su da ludn gitip dd, tao
diéu kién thuan 1oi cho tac gia trong thdi gian 1Am nghién cu sinh.

Ban luin 4n nay sé khong thé hoan thanh néu khong cé su cam thong, chia sé va
gidp d tir nhitng ngudi than trong gia dinh. Tic gia xin bay to 1ong biét on siu sic téi
bd me hai bén gia dinh. Dic biét, xin cdm on bé me, chdong va ba con yéu quy, nhiing
ngudi da ludn gan giii, cAm thong va sé chia cling tdi trong sudt thdi gian qua. Tic gia
thanh kinh ding ting mén qua tinh than nay dén gia dinh than yéu véi tit ca tim long
biét on, yéu thuong va tran trong nhat.

Tdc gid
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M6 dau

1. Lich sit van dé va Iy do chon deé tai

Thuét ngi "can bang (equilibrium)” da dudc st dung rong rai trong Vat ly, Héa
hoc, Sinh hoc, K§ thuat va Kinh t& hoc. N6 thudng dé cap dén cac diéu kién hoic trang
thai ciia mot hé thdng, trong do, tit ca cic tac dong canh tranh déu can bing. Chang
han, trong Vit 1y, cin bang cd hoc 1a trang thai ma trong dé tong clia tat ci cic luc va
mo men 1én mdi phan ti ciia hé théng déu bang khong, trong khi chét Ivu dudc cho 1a
& trang thai can bang thiy tinh khi n6 & trang thai nghi, hodc khi van tbc dong chay tai
moi diém khong d6i theo thai gian. Trong Héa hoc, can bang dong luc 1a trang thai ctia
mot phan ting thuin nghich, trong d6, tc d6 clia phan ting thuin bing téc do ctia phan
ting nghich. Trong Sinh hoc, trang thdi can bing di truyén biéu thi tinh trang, trong
d6, mot kiéu gen khong tién héa trong quan thé tir thé hé nay qua thé hé khac. Trong
ky thudt, can bing giao thong 1a su phan bd 6n dinh du kién cta luu lugng trén cac
con dudng cong cong hoidc qua cidc mang may tinh, vién thong. Hon nita, Iy thuyét can
bang ndi tiéng 12 mdt nhanh co ban cia Kinh té hoc nghién ciiu cic dong luc clia cung,
cAu va gia ca trong mot nén kinh t& trong pham vi mot trong hai thi trudng (cin bing
riéng) hodc mot vai thi trudng (cin bang chung).

Su cin bang dic biét rat quan trong trong Toan hoc, cu thé 1a trong cac hé dong luc
hoc, phuong trinh vi phan dao ham riéng va phép tinh bién phan. Sau su dot pha ctia ly
thuyét tro choi va khai niém can bang Nash, thuit ngit nay di dudc st dung trong todn
hoc trong cédc ngif canh rong hon rat nhiéu bao gom ca nhiing khia canh quan trong
ctia van tri hoc va quy hoach toan hoc. Nhiéu bai toan lién quan dén su cin bang bao
gdm mot sb trong chiing di ké & trén c6 thé dudc nhin nhan trong mot thé thdng nhét

thong qua cidc mo hinh todn hoc khac nhau nhu: bai todn t6i uu, bai toan bu, bai todn



bat dang thiic bién phan, bai toan tdi uu héa da muc tiéu, trd choi khong hop téc ...
Hau hét cac mo hinh todn hoc niy c¢6 ciing mdt ciu tric chung co ban, cho phép chiing
ta phat biéu ching mot cach thuin tién theo mot dang thiic duy nhat. Ngudc lai, néu
c6 nhiéu mo hinh cting nam trong mot cau triic thong nhét sé cho phép chiing ta c6 thé
thiét 1ap cong thic chung cho céu triic thdng nhit d6, nhu vy ching ta hoan toan cé
thé phat trién céc nghién ciu vé 1y thuyét cling nhu thuét toan cho mé hinh chung, tir
d6 mang lai kha nang ung dung rong rai hon cho cac mo hinh riéng 1€.

Mo hinh chung cho bai toan cn bing dudc nghién ctiu trong luan 4n nay dudc phat
bi€u nhu sau:

Cho E 12 mot khong gian Banach thuc, C 1a mot tip con 16i, déng, khac rong clia
E va f:C x C — R 1a mot song ham can bang, tic 1a f(x,x) = 0 v6i moi x € C. Bai

toan can biang EP(C, f) 1a bai todn
Tim x* € C sao cho f(x*,y) > 0véimoiy € C.

Bai toan nay xuét hién 1an du trong cong trinh ctia Nikaido - Isoda nim 1955 khi téng
quét héa bai toan cin bang Nash trong ly thuyét tro choi khong hdp tac trong [37], nd
cling dugc xét dén dudi dang bat dang thifc minimax vao nam 1972 béi tac gia Ky Fan,
vi thé né con dugc goi 1a bit dang thic Ky Fan [17]. Bai toan EP(C, f) thudng dudc st
dung d€ thiét 1ap di€ém can bang trong 1y thuyét tro choi, chinh vi vy, né dudc goi la
Bai todn cdn bang (Equilibrium problem) theo cach goi clia cdc tac gia L.D. Muu va
W. Oettli nam 1992 trong [33], E. Blum va W. Oettli ndm 1994 trong [7].

Bai toan can bang lién két véi EP(C, f) dudc goi 12 bai todn cin bing Minty, ky hiéu
1a MEP(C, f) dudc phét bi€u nhu sau:

Tim u* € C sao cho f(y,u”) <0 véimoiy € C. (1)

Bai todn cin bing kha don gian vé mit hinh thic, nhung né bao ham nhiéu 16p bai
toan quen thudc nhu: Bai toan tdi vu, bai todn bt dang thic bién phan, bai toan diém
bat dong Kakutani, bai toan diém yén ngua, mo hinh cin bang Nash trong ly thuyét tro
choi khong hop tic...(xem [6, 7, 21, 33]). Bai todn can bang dudc xem la mot mo hinh

toan hoc théng nhit cho nhiéu 16p cdc bai toan quan trong riéng 18. Bdi 1& d6, nhiéu



két qua da biét ctia cac bai todn néi trén c6 thé md rong cho bai toan cin bing tong
quét véi nhitng diéu chinh phi hop, tit d6 c6 thé dem lai nhiéu tng dung rong 16n. Hai
huéng nghién citu chinh ctia bai todn cin bang dudc nhiéu nha toan hoc quan tam dé la
dinh tinh va dinh luong. Nghién cttu dinh tinh 14 nghién ctu vé phuong dién ly thuyét
nhu su ton tai nghiém, ciu triic tip nghiém, tinh &n dinh nghiém va da dudc nhiéu nha
nghién cifu dic biét quan tam, c6 thé ké dén céc tac gia nhu M. Bianchi va S. Schaible
trong [5], G. Bigi va cic dong tac gia trong [6], 1.V. Konnov trong [26], L.D. Muu va
W. Oettli trong [33]. Nghién ctiu dinh lugng la xay dung phuong phap giai, danh gia
toc do hdi tu cla cac thut todn. Do tinh ing dung thuc tién nén phuong phap gii déng
vai trd quan trong trong cac nghién ctiu gan day. Dén nay da c6 kha nhiéu két qua dat
dudc nhu clia céc tac gia G. Bigi va cac dong tac gia [6], B.V. Dinh va D.S. Kim [14],
B.V. Dinh va L.D. Muu trong [15], G. Mastroeni trong [31], A. Moudafi trong [32],
L.D. Muu trong [42], L.D. Muu va L.X. Thanh trong [36], N.T.T. Thuy trong [53], N.T.
Vinh va L.D. Muu trong [56] va da dudc cac tac gia L.D. Muu, N.V. Hien, T.D. Quoc,
N.V. Quy 4p dung vao cdc mo hinh kinh té trong [34, 35].

Trong vai nam tré lai ddy, viéc nghién cifu thuit ton giai bai todn cn bang da trg
thanh mot van dé thdi su va thu hit duge su quan tAm ctia nhiéu nha khoa hoc trong va
ngoai nudc. Tuy nhién da phan céc két qua da dat dudc mdi diing & trong khong gian
Hilbert. Tinh dén thai di€ém hién nay, da cé nhiéu phuong phap gidi bai toan can bing
trong khong gian Hilbert dua vao tinh chit don diéu clia song ham £, trong do, c6 thé
k€ dén cac phuong phap ham gap [30], phuong phap nguyén ly bai toan phu [31, 38],
phuong phéap di€ém gan ké [32], phuong phap chiéu két hop hodc khong két hop véi
quy tic tim kiém theo tia [15, 16, 21, 41, 42]... Nhin chung, k¥ thuit chiing minh diy
lip {x*} sinh béi thuat todn hoi tu dén nghiém ctia bai todn can bang trong truong hop

song ham cin bing don diéu hoic don diéu suy rong, bao gdm cac budc sau:

* Xay dung bét dang thic |[x*+t! —x*|| < ||a¥ —x*|| v6i x* € Sy. Tr d6 suy ra day

[|x% — x*|| hoi tu.

* Ton tai day {x*} C {x*} hoi tu yéu dén .
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e Chi ra x la nghiém cta EP(C, f).

« Thay x* = X vao bét ding thiic & Budc 1 va suy ra diy {x*} hdi tu yéu dén x 1a
nghiém cta EP(C, f).

Trong k¥ thuat chiing minh trén ddy, v6i gia thiét vé tinh lién tuc va don diéu (hoidc don
diéu suy rong) ctia song ham f thi tdp nghiém cula hai bai toan EP(C, f) va MEP(C, f)
trung nhau, tic 12 Sy = S. Do dé, trong Budc 4 cia ludc do chitng minh trén, ta c6
thé thay x* = x dugc. Tuy nhién, trong trudng hop song ham f khong don diéu, hai tap
nghiém cua hai bai toan nay khong trung nhau. Day chinh 1a mot kho khan trong ky
thuat chiing minh véi bai toan can bang khong don diéu va sé dudc khac phuc trong
ndi dung luan an nay.

Gan day, bai toan cin bang dudc nhiéu nha khoa hoc md rong nghién citu phuong
phap tim nghiém trong khong gian Banach nhu trong [9, 12, 19, 20, 28, 40, 43, 47, 51].
Trong s6 d6, c6 nhiéu nghién cifu tip trung dua vao tinh chit don diéu cta song ham f
nhu trong [28, 43, 51], hoac tinh gia don di€u ctua f nhu trong [19, 20, 22]. Tuy nhién,
cic két qua nay con chua nhiéu, dic biét 1a cac két qua cho bai toan can bang khong
don diéu trong khong gian Banach chua xuat hién nhiéu. Trong khong gian Hilbert st
dung k§ thuét chiing minh nhu trinh bay & trén, dé dua ra dudc bit dang thiic & Budc

1, cac tac gia su dung
]

Tuy nhién, trong khong gian Banach, chiing t6i khong dua ra dugc khai trién st dung
tich vo hudng nhu kiéu nay. DAy ciing chinh 1a mot kho khin khi thuc hién gidi bai toan
can bang trong khong gian Banach so v6i khong gian Hilbert va khong gian Euclid R”
va sé dudc tra 16i trong ndi dung ctia ludn 4n nay. Mot trong s6 nhiing phuong phap
tiéu biéu gidi bai toan can bang khong don diéu trong khong gian Banach d6 1a phuong
phdp chiéu thu hep ducc dé xuit trong [46]. Uu diém cta phuong phap nay 1a giip
chiing ta tim dudc nghiém ctia bai todn can bang khong don diéu va khong Lipschitz

trong khong gian Banach. Tuy nhién, liéu c6 mot thuit todn nao khac véi nhiéu lua
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chon quy tic tim kiém theo tia d€ gidi bai toan nay khong? Luan 4n nay sé dé xuit mot
thuat toan khéc dé€ tra 13i cho cau hdi nay.

Trong luan 4n nay, bén canh viéc xét bai todn can bang, chiing tdi cling xét bai toan
bét dang thiic bién phan trong khong gian Euclid R” véi tich trong (-, -) va chuin tuong
ting || - ||. Gia st C 1a tap con 13i, déng, khac réng trong R” va F : C — R” 12 ham lién

tuc. Ta xét bai todn bat dang thic bién phan VIP(C, F):
Tim x* € C sao cho (F(x*),y—x") >0, Vy € C,
va bai todn lién két v6i VIP(C, F) 1 bai toan bét ddng thic bién phan Minty MVIP(C, F) :
Tim u € C sao cho (F(y),u—y) <0, VyeC.

C6 rat nhiéu phuong phap gii bai toan bat dang thic bién phan va phuong phap chiéu
thu hep dugc trinh bay & trén cliing dugc ap dung bdi cac tac gia M.L. Ye va Y.R. He
trong [58] nhu sau:

Thuit toan YH [58]. Chon x¥ € C 1a diém xuit phét, o € (0,1) va y € (0,1). Gén
k=0.

Budc 1. C6 xK, tinh r(x) = x* — Po(x* — F(x})). Néu r(x) = 0, thi ditng thuat

toan. Trdi lai, chuyén sang Budc 2.

Budc 2. Tinh y* = x* — nur(x¥), trong d6 nx = ¥, véi my 1a s6 nguyén khong

am nho nhéit thda man

(F(x*) = F(&* = y"r(x)), r(x")) < ol r()1%.

Budc 3. Tinh

k+1 k
" :PCmﬁk(x )a

X
trong 6 Hy := (V=g H; vdi H; == {v: (F(y/),v—y/) <0}. Gin k =k+1 va

quay lai Buoc 1.

Céc tdc gia M.L. Ye va Y.R. He da chi ra rang néu F la lién tuc va tip nghiém cuia

bai todn bét dang thic bién phan Minty MVIP(C, F) # 0 thi diy {x*} sinh b&i thuat
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toan trén hoi tu t6i mot nghiém ctia bai toan VIP(C, F). Mot vu diém cta phuong phap
nay la c¢6 thé 4p dung dudc dé tim nghiém ctla bai toan bit dang thiic bién phan khong
don diéu. Pay ciing 1a cd s6 d€ md rong nghién ciu phuong phap nay cho bai todn can
bing khong don diéu trong khong gian Hilbert [13, 49]. Tuy nhién, tai mdi budc lip
thit k+ 1 d€ tim x**!, ta can phai giai bai toan tdi uu ma tap rang budc la giao cia tap
rang budc thit k v6i nita khong gian H; (chinh 1a thuc hién mot phép chiéu thu hep).
Diéu nay din t6i chi phi tinh todn 16n, dic biét khi s6 chiéu khong gian ting 1én. Vay
liéu c6 mot thuat todn giai bai todn bit dang thifc bién phan khong don diéu ma khong
diing phuong phép chiéu thu hep hay khong? Trong luan 4n nay, chiing toi dé xuit mot
thuat toan méi gidi VIP(C, F) va dap ting dudc hai diéu kién trén. Dic biét, ching toi
xét ca hai trudng hop khi F khong 1a Lipschitz, d6 dai bude tim dudc bang cach thuc
hién quy tac tim kiém theo tia va trudng hop F 1a Lipschitz véi hé s6 L, d6 dai budc
dudc chi ro6 va phu thude vao L.

Véi bai toan can bang khong don diéu trong khong gian Hilbert, céc tic gia trong
[49] da dé xuat Thuat todn SVN dé€ gii. Uu diém clia thuit todn nay 12 gitp tim nghiém
ctia bai todn cin bang ma khong can dén gia thiét vé tinh lién tuc ctia song ham f. Tuy
nhién, ciing nhu trong trudng hop bat dang thiic bién phan, tai mbi budc lip, ta phai
giai mot bai todn toi uu trén tap rang budc la giao cla tip rang budc & budc trudc va
mot siéu phang (chinh 1a thuc hién phép chiéu thu hep). Piéu nay dan dén chi phi tinh
toan 16n, dic biét khi sé chiéu khong gian ting 1én. Thém vao d6, trong thuit todn
SVN, cic tic gia st dung quy tic tim kiém theo tia d& tim d6 dai budc. Tuy nhién,
trong trudng hop khi song ham f théa man diéu kién kiéu Lipschitz hay f ¢6 ciu tric
phtc tap, thi viéc thuc hién quy tac tim kiém theo tia giip khé khiin ciing nhu chi phi
tinh toan 16n. Do do, chiing ta khé c6 thé 4p dung dugc thuat toan SVN trong nhiing
truong hop nay. Chinh vi vdy, ching to6i dé xuit stta d6i Thuat todn SVN trong [49]
thanh mot thuat toan méi giai EP(C, f) ma khong can st dung phép chiéu thu hep va
gia thiét vé tinh don diéu clia f trong ba trudng hop: f khong thdéa man diéu kién kiéu
Lipschitz, f thda min diéu kién kiéu Lipschitz va hé s6 Lipschitz uéc luong dugc hoic

khong uéc luong dugc.
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2. Muc tiéu nghién ciu
Trong luin 4n nay, ching toi tip trung nghién ciiu cac chii diém sau vé bai toan

can bang va bai todn bit dang thifc bién phan:

(i) Xay dung thudt toan giai bai todn cin bang khong don diéu trong khong gian

Banach bang phucng phap chiéu thu hep két hdp quy tac tim kiém theo tia.

(i) Xay dung thuit toan gidi bai toan bit dang thiic bién phan khong don diéu trong
khong gian Euclid R” bang phuong phap chiéu kiéu thich nghi két hop hoic

khong két hop véi quy tic tim kiém theo tia.

(iii) XAy dung thuit toan giai bai todn cin bang khong don diéu Lipschitz hoic khong
Lipschitz trong khong gian Euclid R” bang phuong phap chiéu kiéu thich nghi

két hop hoic khong két hop véi quy tac tim kiém theo tia.

3. Poi tugng va pham vi nghién citu

Pbi tuong nghién ciru: Bai todn cin bing, bai toan bt ding thic bién phan
khong don diéu.

Pham vi nghién ctru: Céc phuong phdp giai bai toan cin bang, bai todn bét
dang thic bién phan, dic biét, tap trung vao phuong phap chiéu thu hep, phuong phap
chiéu kiéu thich nghi. L6p ham nghién ctiu 1a ham 16i, khong don diéu, Lipschitz hoic

khong Lipschitz.

4. Phuong phap nghién cuiu
Xuét phat tif muc tiéu ctia dé tai nghién ciu, cling vdi cac phuong phap co ban

clia giai tich ham, giai tich 16i, ching toi sit dung cdc phuong phap nghién ctiu nhu sau:

« D¢ gidi bai todn can bang vdi song ham 1a khong don diéu trong khong gian
Banach, chiing tdi sit dung phucng phap chiéu thu hep két hop véi quy tic tim

kiém theo tia.
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« P& tim nghiém ctia bai todn bit dang thic bién phan va bai toan can bang khong
don diéu trong khong gian Euclid R”, ching t6i st dung phuong phap chiéu kiéu

thich nghi két hop hoic khong két hop véi quy tac tim kiém theo tia.

5. Két qua cua luan an

Luan 4n da dat dugc nhitng két qua chinh sau day:

o Dé xudt dugc mot thudt todn gidi bai todn cdn bang ma khong can yéu cdu gid
thiét vé tinh don diéu ciia song ham f trong khong gian Banach bang cdch két
hop phuong phdp chiéu thu hep va cdc kiéu quy tdc tim kiém theo tia tuong 1ing.
Chiing minh duoc day ldp sinh bdi thudt todn do hoi tu manh tdi nghiém cua bai
todn cdn bdng, dong thoi dp dung thudt todn dé gidi mot vi du trong khong gian

Banach hitu han chiéu. Két qud nay duoc trinh bay dua theo bai bdo [CT1I].

« Xdy dung duoc ba thudt todn gidi bai todn bdt ddng thiic bién phan VIP(C,F)
khong don diéu trong khong gian Euclid R" bdang phuong phdp chiéu thich nghi
két hop hodc khong két hop véi quy tdc tim kiém theo tia. Chiing tdi ciing dd
chitng minh duoc cdc dinh ly héi tu tdi nghiém cua ddy ldp sinh bdi cdc thudt
todn, doéng thoi dua ra mét sé vi du s6 minh hoa cho cdc thudt todn. Két qud nay

duoc trinh bay dua theo bai bdo [CT2].

* Xdy dung duogc ba thudt todn gidi bai todn cdn bang EP(C, f) khong don diéu
trong khong gian Euclid R". Trong do, c6 mdt thudt todn két hop véi quy tdc tim
kiém theo tia dé'tim do dai budc, mot thudt todn chi ré do dai budc phu thudc vao
hé sé kiéu Lipschitz ciia f (trong truong hop f théa mdn diéu kién kiéu Lipschitz
ma hé so Lipshitz udc luong duoc), va mot thudt todn dp dung khi f théa man
diéu kién kiéu Lipschitz va hé sé Lipschitz khong biét hodc khé wéc luong. Cdc
dinh 1y hoi tu va mot s6 vi du minh hoa cho cdc thudt todn dugc trinh bay chi tiét

dua theo bai bdao [CT3].

Cic két qua chinh cta luin 4n dugde cong bo trong 02 bai bio trén 02 tap

chi va 01 bai bao dugc gui di va da duge bao cao tai:
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1. Xémina cua Trung tam Toan tng dung va Tin hoc, Vién Cong nghé Thong tin va
Truyén thong, Hoc vién Ky thuit Quan su.
2. Xémina cta Vién Cong nghé Thong tin va Truyén thong, Hoc vién Ky thuit Quan

su.

3. Hoi nghi Khoa hoc c4c nha nghién cttu tré 1an thit XVI (24/03/2021), 1an thid XVII
(22/03/2022), Hoc vién Ky thuat Quan su.

4. Hoi thao Tbi uu va tinh toan Khoa hoc 1an thi 19 (22-24/4/2021), Ba Vi, Ha Noi.
5. Hoi thao T6i uu va tinh toan Khoa hoc 1an thud 20 (21-23/4/2022) , Ba Vi, Ha Noi.

6. Hoi thdo Nhiing huéng méi trong tdi uu tinh todn va ng dung (26-27/12/2021),
VIASM, Ha Noi.

6. B6 cuc cta luan an
Ngoai phan Mé dau, Két luan, Danh muc cong trinh khoa hoc ciia tic gia lién
quan dén luan 4n va Tai liéu tham khéo, luan 4n gdm ba chuong, cu thé nhu sau:

Trong Chuong 1 chiing t6i nhic lai mot s6 kién thiic co ban vé gidi tich 15i, giai tich
ham va ly thuyét téi vu. Cu thé, Muc 1.1 trinh bay mot s6 két qua co ban vé giai tich
16i. Muc 1.2 danh cho viéc gi6i thiéu mot s6 trudng hop riéng cia bai todn cin bang.
Muc 1.3 néu mot s6 diéu kién vé su ton tai nghiém clia bai todn cin bing va bai todn
t6i uu trong khong gian Banach.

Trong Chuong 2, chiing t6i nghién cifu, dé xuat mot thut toan hoi tu manh cho bai
toan can bang khong don diéu trong khong gian Banach thuc biang phuong phap chiéu
thu hep két hop véi quy tic tim kiém theo tia. Chuong nay dudc bb cuc thanh ba muc:
Muc 2.1 danh cho viéc nhac lai cac thuit toan hién c6 dé st dung cho cac nghién citu
tiép theo; Muc 2.2, dua trén nhiing thuit toan hién c6, mot s gia thiét va cac bd dé
ky thut cho trudc, ching toi dé xuat va chiing minh thuit todn hdi tu manh dbi véi
bai todn can bing khong don diéu trong khong gian Banach thuc; Muc 2.3 ctia chuong
danh d€ trinh bay vi du minh hoa cho thuét toan dé xuat.

Cubi cuing 1a Chuong 3, chiing t6i tap trung cho viéc nghién citu, dé xuét thuit toan
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tim nghiém ctia bai toan bit dang thic bién phan va bai todn cin bang trong khong
gian Euclid R” bang phuong phap chiéu kiéu thich nghi két hop hoic két hop véi quy
tac tim kiém theo tia. Cu thé chuong nay gdm hai muc, Muc 3.1 14 phan danh cho bai
toan bét dang thiic bién phan, Muc 3.2 1a danh cho bai toan can bang. M&i muc géom
ba muc nhd. Muc nhé dau tién danh cho viéc nhic lai mot sb thuét toan da ¢ va dit ra
cu héi nghién citu. Muc thif hai 12 dé xuAt mot s6 thuat todn tra 18i cho cAu héi nghién

cuu d6. Muc cuoi cung la mot sO vi du sO minh hoa cho thuat toan dé xuat.
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Chuong 1

Mot s6 kién thite chuén bi

Trong Chuong 1, chiing toi nhic lai mot sé két qua can thiét nhat dugc sit dung cho
cac chuong tiép theo. Chuong nay gém c6 hai phan. Phan thit nhit danh cho viéc trinh
bay mot s6 khdi niém va két qua ctia gidi tich 15i. Phan thi hai ching t6i gi6i thiéu bai
toan can bang va mot sb trudng hop riéng, ciing nhu sy ton tai nghiém cia bai todn cin
bang. Nhiing kién thic nay c6 thé tim thiy trong cac tai liéu [3, 5, 6, 8, 10, 17, 24, 25,
26, 54, 55].

1.1 Cic khai niém va két qua co ban
Trudc tién, ta nhic lai mot s6 kién thiic chudn bi quan trong c6 st dung trong

luan an nay.

Pinh nghia 1.1.1. ([1, Section 1.3]). Cho X 12 mot khong gian tuyén tinh trén R. Todn
t tuyén tinh A : X — R xdc dinh trén X va ldy cdc gid tri trong R dudc goi 1a mot
phiém ham tuyén tinh trén X. Cac phiém ham tuyén tinh thudng dudc ky hiéu bsi cac
chit x*,y*,z*, ... TAp tit ci cdc phiém ham tuyén tinh lién tuc trén X dudc goi 1a khong
gian d6i ngau (hay lién hop) clia X va dudc ky hiéu 1a X*. Khong gian d6i ngiu ctia X *
dudc goi 1a khdng gian d6i ngiu thit hai clia X, thudng dudc ky hiéu 1a X**. X** cling

1a mot khong gian tuyén tinh trén R.

DPinh nghia 1.1.2. ([1, Section 1.4]). Cho X 12 mét khong gian tuyén tinh trén R va x
12 mot phan i ¢b dinh ctia X. Anh xa I, : X* — R xdc dinh béi I, (x*) = (x*,x) = x*(x)
12 mot phiém ham tuyén tinh trén X*, tiic 1a [, € X**. Khi d6, ta chiing minh dudc dnh
xa [ : X — X** xdc dinh bdi [(x) = [, 1a mdt don 4dnh tuyén tinh va dugc goi 1a phép

nhing chuin tic khong gian tuyén tinh X vao khong gian dbi ngau thi hai X** ctia n6.
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Pinh nghia 1.1.3. ([1, Section 4.1]). Khong gian tuyén tinh dinh chuin X dudc goi la
mot khong gian phan xa néu phép nhiing chuén tic / khong gian X vao khong gian d6i

ngau thi hai X** ctia n6 1a mot toan anh.

Dinh nghia 1.1.4. ([25, Section 1.1]). Gia st X 1a mot khong gian tuyén tinh trén R va
C C X. Tap C dudc goi la:

a) l6inéu v6imoi x,y € Cva0 <A <1thidx+(1-1)y€eC;
b) non co dinh tai 0 néu Ax € C, véimoi x € C va A > 0;
¢) non léi néu né vira 1a nén cé dinh tai 0 vira 1a mot tap 16i.

Dinh nghia 1.1.5. ([25, Section 1.1]). Gia stt C 1a mot tap 10i, khac rdng trong khong
gian tuyén tinh dinh chuan thuc X, X* 12 khong gian d6i ngau cia X, vax’ € C. x* € X*

dudc goi 1a phap tuyén cta C tai x° € C néu
(x*,x—2% <0, VxeC.

Khi d6 tap
Ne(x®) = {x* e X* : (x*,x—x") <0, Vx e C}

dugc goi 1 nén phdp tuyén ngoai (normal cone) ctia C tai x° va tap —N¢(x¥) dugc goi

14 non phdp tuyén trong cia C tai x°.
R6 rang 0 € N¢(x°) va tir dinh nghia trén ta thiy Nc(x°) 12 mot nén 16i dong.

Pinh nghia 1.1.6. ([55, 59]). Gia st C 1a mot tap con 16i dong, khac réng trong khong
gian tuyén tinh thuyc X va ham s6 f : C — RU {40}, khi d6 ta n6i

a) ham f dudc goi la [di trén C néu
FOxt (1= A)) < AF) + (1= A)f(), ¥,y € C, VA € [0; 1]
b) ham f dudc goi 1a [di chit trén C néu

fAx+(1=2)y) <Afx)+(1=A)f(y),YVx,y € C,x#y, VA € (0;1);
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¢) ham f 1a 16i manh trén C v6i hé s6 B > 0 néu

FAx+(1=2)y) SAf(0)+(1=2) () =2 (1=A)B|x—y]?, ¥x,y €C, VA € [0;1];

d) ham f 1a tiwa 16i trén C néu

fAx+(1=A)y) <max{f(x),f(y)}, Vx,y € C, VA € [0;1];

e) cac tap

domf={xeC: f(x) < +oo},
epif ={(x,y) €CxR: f(x) <7},

tuong tng dudc goi 1a mién hitu hiéu va trén dé thi cia f;

g) ham f: C — RU{#oo} dudc goi 1a chinh thuong néu f(x) > —oo v6i moi x € C
va dom f # 0.

Gia st (E, ||.||) 1a khong gian Banach thuc, khong gian d6i ngiu cia E 1a E*.
D€ don gian, ching t6i ky hiéu chuén trén E* 1a ||.||. Chiing t6i ciing ky hiéu {.,.) 1a dnh
xa dbi ngiu gitta E va E*, tic 1a (x*,u) = x* () véi moi x* € E*,u € E. Day {x*} CE
dudc goi 14 hoi tu manh t6i ¥ € E, ky hiéu x* — %, néu ||x* —x|| — 0. Day {x*} C E

dudc goi 12 hoi tu yéu t6i X € E, ky hidu x* — %, néu (u,x* — %) — 0,Vu € E*.

Dinh nghia 1.1.7. ([10, Definition 2.1]). Gia st f : E — RU {40} 1a ham 16i chinh

thudng, x* € E* dudc goi 12 dudi dao ham (subgradient) ciia f tai x néu

f(y) _f(x) > <X*7y_x>7 vy cE. (11)

Tap tit ca cic dudi dao ham ciia f tai x dugc ky hiéu 1a 9 f(x) vadnhxa df : E — 2&
dudc goi la dudi vi phdn (subdifferential) cua f tai x. Ham f dudc goi la khd dudi vi
phdn tai x néu 0 f(x) # 0. Ham f dudc goi 1a khd dudi vi phdn trén mot tap néu né kha

dudi vi phan tai moi di€ém thudc tap do.
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Vi du 1.1.8. ([10, Example 2.9]) Gia sit f(x) = 1|x||%, v6i x € E. Khi d6, véi x # 0, ta
co

* * * 2
If(x) = {x" € B (x*,x) = |lx]* = [|x*|1*}.
That vay, gia st x* € E* sao cho (x*,x) = ||x||> = ||x*||?, khi d6 v6i moi y € E, ta c6

2 2
oy —x) =y = el ™ < el [ = il

< S = IIxl?) = £ () = f (),

l\)l*—*

trong d6 bit dang thiic dau tién la bt dang thifc Cauchy-Schwarz, bat dang thic thi
hai do £ (|[x|| —|[y]|)* > 0. Tir bt déng thiic trén ta suy ra x* € d f(x).
Ngudgc lai, gia st x* € d f(x). Khi do, ta co

(ylI* = lIxl%), vy €E.

NI*—*

(' y—x) <
Thay y = x+ Az,A € R,z € E, vao bat dang thic trén ta co:

(e Azl = [Ix[1*) < 5 (A2l2l|* + 2|4 [lx]|z1)- (1.2)

l\)l'—‘
| =

Alx*,z) <
Cho A — 0" trong (1.2), ta c6 (x*,z) < ||x||||z|| v6i moi z € E. Thay z = x ta c6
[, 2) | < [l va ) < . (1.3)

Trong bit dang thifc dau tién cia (1.2), thay z =x va A < 0, ta c6

A+42
o2 = S
ChoA — 07, tacd
(x*,x) > ||x]|?. (1.4)
Két hop (1.3) va (1.4) ta c6 (x*,x) = ||x||> = ||x*||. O

Dinh ly 1.1.9. ([39, Theorem 3.24]). Gid sit f : E — RU {+oco} la ham 16i, chinh
thuong. Khi do
xo € argmin{f(x): x€ E} < 0 € df(xp).
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Dinh ly 1.1.10. ( [39, Proposition 3.61], [54, Section 7.2]). Gid su C la tdp con loi,
dong ciia khong gian Banach E va g : C — RU {+oo} la ham 16i, chinh thuong va nita
lién tuc dudi. Gid sit thém rdng hodic g la lién tuc tai mét diém nao do ciia C hodc ton
tai mot diém xo € intC ma g(xo) < +oo. Khi do, x* la mét nghiém cia bai todn t6i uu

16i min{g(x) : x € C} khi va chi khi 0 € dg(x*) + Nc(x*).
Pinh nghia 1.1.11. ([25, Section 1.1.2]). Gié sit ham s6 f : E — R. Khi d6

a) f duoc goi 1a nita lién tuc dudi (lower semicontinuous) tai ¥ € E néu v6i moi day
(XY cE: xF — % thi

(%) < liminf £(%);

k—roo

f dudc goi 1 nita lién tuc dudi trén C néu né 1a nia lién tuc duéi tai moi x € C.

b) f dudc goi 12 nita lién tuc trén (upper semicontinuous) tai X € IE néu véi moi diy
{xX} CE: x* — xthi

f(x) > limsupf(xk);

k—yoo

f dudc goi 1a nita lién tuc trén & trén C néu né 1a nia lién tuc trén tai moi x € C.

¢) f dudc goi la lién tuc trén C néu nd vita 1a nifa lién tuc dudi va vira 12 nira lién

tuc trén G trén C.

Dinh nghia 1.1.12. ([10, Definition 1.1, Proposition 2.3 Chapter 2, Theorem 3.5, Def-
inition 3.9 Chapter 1]). Mot khong gian Banach E dugc goi la:

i) 16i chit néu v6i moi x,y € S1(0),x # y, trong d6 S1(0) = {x € E: ||x|| = 1} 1a

miit cau don vi, thi [[x +y|| < 2;

ii) 10i déu néu véi moi € € (0;2], ton tai § > 0, sao cho v6i moi x,y € S1(0) ma
lx—y[| > & thi [x+y[| <2(1-6);
iii) tron néu gi6i han

l‘ —
L oyl = i

t—0 t

ton tai véi moi x,y € S1(0);
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iv) tron déu néu IE tron va gi6i han trén 1a déu véi moi x,y € S1(0).

Pinh ly 1.1.13. ([10, Theorem 2.13 Chapter 2]). Cho E la khong gian Banach. Khi doé
E la 16i déu khi va chi khi E* la tron déu.

Vi du 1.1.14. ([10, Theorem 4.7 Chapter 2]).
Khong gian L (Q) ={f: Q= R: [ |f(x)|Pdx < e} véi chuén || f]| , = (Jo \f(x)|pdx)%

12 khong gian 16i déu va tron déu véi 1 < p < oo.

Pinh nghia 1.1.15. ([10, Definition 4.1 Chapter 1]). Anh xa J : E — 2£ xdc dinh bdi
Jx={x" € E": {x",x) = |lx|* = [|x*||*}

dugc goi 1a 4nh xa d6i ngau chuin tic.

Nhéan xét 1.1.16. Tu co cdc nhdn xét sau.

(i) Ta chii ¥ rang Jx # 0 véi moi x € E. Thdt vdy, xét y = x.||x||. Theo dinh ly Hahn-
Banach, ton tai y* € E* ma ||y*|| = 1 va (y*,y) = ||y||, khi dé x* = y*.||x|| € Jx.

(ii) Jx = 9(5|x||*) vdi moi x € E.
(iii) Trong khong gian Hilbert thue, dnh xa doi ngdu chudn tdc la todn tit dong nhat.

Ménh dé 1.1.17. ([10]). Cho E la khong gian Banach va E* la khong gian doi ngdu.

Khi do, ta co cdc khcfng dinh sau:
a) J la toan dnh khi va chi khi E la phan xa;
b) J la don dnh hay don diéu chdt khi va chi khi E la khong gian 16i chiit;
c) J la don tri khi va chi khi E la tron;

d) Néu E la khong gian Banach tron deu thi J la lién tuc déu trén moi tdp bi chdn

cua E.

Trong phén tiép theo, chiing t6i nhac lai mot vi du vé dnh xa ddi ngau chudn tic J

trong khong gian 18i déu va tron déu L?, p € (1,0) dugc trich din tir [3].
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Vidu 1.1.18. Xét khong gian LP = {f: Q - R: [o|f|Pdx < oo} v6i 1 < p < eo. Taky

. . 2z 2— _
higu ||, = (fo |f17dx)/7. Khi d6, Jf = | £ PIf1P2f e L9, L+ L =1.

Bay gid, chiing tdi gia st E 1a khong gian Banach phén xa, 1i chit va tron. Khi do,

J la don tri. Chung t6i dinh nghia ¢ : E X E — [0; 4-c0) nhu sau:
O (x,y) = [IxI[> = 2(Jx,y) + [Iyl]*, Vx,y €E.
Chiing ta thiy ring ¢ c6 nhiing tinh chét sau day:
(i) V6i moi x,y € E, taco

0 < (Ilxll = Iy)* < @Cx,y) < (IIxll + IIyI)*

-

(i) V6i moi x,y,z € E,

@(x,y) = 0(x,2) + ¢(z,y) +2(Jx = Jz,2—y);

bac biét, khi x =y ta co

1 1

(Jy—Jz,y—z) = Efp(y,Z) + Ew(z,y)-

(1.5)

(1.6)

(1.7)

Trong khong gian Hilbert, anh xa d6i ngdu chuén tac J 1a todn tir dong nhit, va do d6

ox,y) = [lx—y|P.
Ta nhén thiy ring

RP(x,y) = d@(x,.)(y) = {2(Jy —Jx)}.

Ménh dé 1.1.19. ([24, Proposition 31). Gid sit E la khong gian Banach phdn xa, tron

va 1oi chdt va C C E la mét tdp con 10i dong va khdc rong. Khi dé vdi moi x € E, tén

tai duy nhdt mot phdn t xo € C sao cho

o (x,x0) = inf{@(x,y) : y € C}.

Taky hiéu Pc : E — C la anh xa Pc(x) = x( trong ménh dé trén. Pc dudc goi 1a phép

chiéu téng quat 1én C.
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Xét khong gian Hilbert H, hinh chiéu ctia x € H trén C 1a diém thudc C gan x nhét
dudc xac dinh béi

Pc(x) = argmin{||x—y|| : y € C}.
Néu C 1a mot tap 16i, dong, khic réng ctia H, thi v6i mdi x € H, Pc(x) ludn ton tai va
12 phan t& duy nhét thuoc C théa man

lx = Pe(x)|| < [lx=yll, vy € C.

Chéng han, néu C = {y € H: (a,y) + b < 0}, véi a € H va b € R, 12 mdt nita khong
gian, thi ta co

@ X néu x € C,
PC X) =
(a,x)+b A
—Wa neu x %C

Phép chiéu trén tap 16i, déng c6 mot sb tinh chit sau.

Ménh dé 1.1.20. ([24, Propositions 4, 51). Gid sit C la mét tdp con 16i, déng, khdc

rong ciia khong gian Banach phdn xa, tron va 16i chct E. Khi dé
(i) @(x,Pc(x)) +@(Fe(x),y) < 0(x,y), Vye C,x e E;
(ii) néux € E,z € C, thi z= Pc(x) khi va chi khi (Jx—Jz,y—2z) <0, Vy € C;
(iii) @(x,y) = 0 khi va chi khi x =y.

Bay gid, chiing ta cung nhac lai mot s& nhan xét vé ham 16i manh trong khong gian

R".

Nhan xét 1.1.21. (/8, 55])
(i) Sit dung ddng thitc

A=) lx=yIP = Allxl® + (1= 2) y]I* = [ Ax+ (1= A )]

vdi moi x,y € R", va moi A € [0,1], ta nhdn thdy rdang f(x) la l6i manh véi hé s6 B khi

va chi khi ham f(x) — B|x||? la I6i.
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(ii) Gid si rang ham f la khd vi (ticc la V f ton tai tai méi diém thudc C). Khi do, f la

161 manh véi hé s6 B > 0 trén tdp 16i C khi va chi khi

B

fO) 2 f@)+Vf) (y—x)+ §||y—XH2,

voi moi x,y € C.
(iii) Gid sw rang f la khd vi dén cdp hai (tiic la V2 f ton tai tai méi diém thuéc C). Khi
do, f la 16i manh véi hé s6 B > 0 trén tdp 16i C khi va chi khi V2 f(x) — BI la ma trdn

nua xdc dinh duong, trong do I la ma trdn don vi.
Bay gid, chiing ta nhic lai cac dinh nghia sau ddy vé tinh don diéu ctia song ham f.
DPinh nghia 1.1.22. ([5, 26]). Gia stt C C E. Song ham f : C x C — R dudc goi la:

a) don diéu manh (strongly monotone) trén C v6i hi“lng s6 T > 0 néu v6i moi x,y € C

ta co
2.

FOy)+f(x) < —1llx—y

b) don diéu chdt (strictly monotone) trén C néu véi moi x,y € C, ta ¢
fOey)+ f(y,x) <0;
c) don diéu (monotone) trén C néu véi moi x,y € C, ta ¢

fOy)+f(y,x) <0;

d) gid don diéu chdt (strictly pseudomonotone) trén C néu véi moi x,y € C vax # y,
taco

flx,y) > 0= f(y,x) <0;

e) gid don diéu (pseudomonotone) trén C néu v6i moi x,y € C, ta c6
fx,y) >0= f(yx) <0;
) tua don diéu (quasimonotone) trén C néu v6i moi x,y € C, ta c6

fx,y)>0= f(y,x) <0;
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h) théa man diéu kién kiéu Lipschitz trén C néu tdn tai cac hing s6 ¢; > 0vacy >0

sao cho v6i moi x,y,z € C, tacod
FOey) +f(n2) 2 fl.2) = erllx—y|* —eally — 2]
Tu dinh nghia trén, ta c6:
a)=b)=c)=e)=g

va

d=e.

Néu f(x,y) = (F(x),y —x), v6i anh xa F : C — R” thi cdc dinh nghia vé tinh don
diéu va don di€u suy rong cua anh xa F' dudc suy tu cac dinh nghia trén day cua
song ham f. Hon nifa, néu anh xa F la Lipschitz v6i hang s L > 0 trén C, tic la
|F(x) — F(y)|| < L|x—yl|, Vx,y € C, thi f ciing théa man diéu kién ki€u Lipschitz
trén C (xem [31, 42]), chang han, véi cdc hing sb c; = £, ¢, = ££, v6i moi € > 0.
1.2 Céc truong hop riéng cia bai toan can bang

Gia st C 1a tap 10i, dong, khac rong trong |E, va ham f : C x C — R thda min
f(x,x) = 0 v6i moi x € C; ham f nhu vy dudgc goi la song ham cdn bang (equilibrium
bifunction). Bai toan can bf?lng (hay con dudc goi 1a bdt dc‘?ng thiee Ky Fan (xem [17])
la bai toan:

Tim x* € C sao cho f(x*,y) >0, Vy € C. (1.8)

Bai toan cin bang lién két véi (1.8) dudc goi 12 bai toan can bang Minty, dugc phat
bi€u nhu sau:

Tim y* € C sao cho f(x,y") <0, Vx € C. (1.9)

Ky hiéu céc bai toan (1.8), (1.9) tuong tng la EP(C, f), MEP(C, f) va cac tap nghiém
ctia chiing 1an lugt 12 S, Sy;.

Bai todn can bang c6 dang kha don gian, nhung bao ham nhiéu 16p bai toin quan
trong trong kinh t& va nhiéu linh vuc thuc tién khac nhau nhu bai todn tbi wu, bai toan

bét dang thic bién phan, bai todn diém bét dong, bai toan can bang Nash trong tro choi
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khong hop téc, .... NO coi cac bai toan nay nhu nhiing trudng hop riéng dac biét va hgp
nhét ching theo mot phuong phap nghién citu chung rit tién 1gi. Nhiéu két qua ctia céac
bai todn néi trén c6 thé md rong cho bai toan cin bang téng quat véi nhitng diéu chinh
phit hop va do viy thu dudc nhiéu tng dung rong 16n. Nhiéu nghién ctu ciing di chi
ra rang, cac bai todn thuc té nhu ti uu, kinh t& va k§y thuit c6 thé dudc miéu ta thanh
cdc bai todn can bang tuong ting. Pidu d6 da giai thich dudc tai sao bai toan can bing
dugc rat nhidu nha toan hoc quan tdm, nghién citu. Trong phan nay, chiing tdi chi nhic
lai mot s nét chinh vé khdi niém bai todn cin bang va mot s6 trudng hop riéng ciing
nhu diéu kién ton tai nghiém ctia né.

Sau day 12 mot sb6 vi du vé nhiing bai toan quen thudc ¢ thé mo ta dusi dang bai
toan can bang.

Cho C 1a mot tap 10i, dong, khéac réng ctia R”.

a. Bai toan t6i wu (optimization problem)

Cho ham & : C — R. Xét Bai todn tdi wu, viét tat 1a (OP), 1a bai todn dugc phat biéu
nhu sau:

Tim x* € C sao cho h(x") < h(y), Vy € C.

Bing céch dit f(x,y) := h(y) — h(x) v6i moi x,y € C. Theo dinh nghia,
h(x") <h(y), Vy € C & f(x",y) >0, Vy € C.

Diéu d6 chiing td bai todn tbi uu 1a mot trudng hop riéng clia bai toan can bang.
b. Bai toan bu (complementary problem)
Cho C C R” 1a mdt nén 16i déng, va anh xa F : C — R”. Bai toan bu, ky hiéu 1a
CP(C,F) dugc phat bi€u nhu sau:

Tim x* € C sao cho F(x*) € C*va(F(x"),x*) =0,

trong d6 C* = {w € R" : (w,y) > 0, Vy € C} la n6n dbi ngu cua C.
Viéc gidi bai todn bu tuong duong vdi viéc gidi bai toan can bang EP(C, f), trong
do
fxy) = (F(x),y —x).
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That vay, gia st x* 1a nghiém cua bai toan bu CP(C, F). Khi do, ta ¢
Fxy) =(F(x"),y—x") = (F(x"),y) — (F(x"),x") = (F(x*),y) > 0,Vy € C, (1.10)

tifc 12 x* 12 nghiém ctia bai todn can bing EP(C, f).

Ngudc lai, gia st x* 1a nghiém cla bai todn can bing EP(C, f). Khi d6
f&xy)=(FK),y—x") =20,vyeC.
Do C la ndn, va x* € C nén thay y = 2x* € C vao (1.10), ta cé
(F(x*),x") > 0.
Do C la nén chita gbc nén thay y = 0 € C vao (1.10), ta c6
(F(x*),x") <0.
Két hop hai bt dang thifc trén, ta két luan
(F(x*),x") =0.
Két hop vdéi (1.10), ta nhan dugc
(F(x"),y) >0y e,

tic la F(x*) € C*.
c. Bai todn bt déng thirc bién phan (variational inequality problem)
Cho C C R” 1a mot tap 16i, déng, khac réng va F : C — R”. Bai toan bit dang
thic bién phan, ky hiéu 1a VIP(C,F), 1a bai todn dugc phat biéu nhu sau

Tim x* € C sao cho (F(x*),y—x") >0, Vy € C.

Viéc giai bai toan bt dang thic bién phan VIP(C, F) tuong duong véi viéc giai
bai todn can bang EP(C, f) bing céch dit

f(xay) = <F(x),y—x>, X,y € C.

d. Bai toan diém bat dong (fixed point problem)
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Cho C C R" va anh xa F : C — C. Bai to4n diém bat dong, ky hiéu 1a FP(C, F),
la bai toan
Tim x™ € Csao cho x* = F(x").
Viéc gidi bai toan FP(C, F) tuong duong vdi viéc giai bai toan EP(C, f), trong
do

f(x,y) = <X_F(x)7y_x>7 x,y€C.

That vay, néu x* 12 nghiém ctia bai toan FP(C, F) thi
fO&y) =" —F(x"),y—x")=0=0,VyeC.
Ngudc lai, néu x* 1a nghiém cta bai toan EP(C, f) thi
0<flx"y) =" —F(x"),y—x%), VyeC.
Chony=F(x*) e Ctaco
0< (¥ = F(x*),F(x") =x*) = =" = F(x")||*.

Tu d6 x* = F(x*), tic 1a x* 1a nghiém cia bai toan FP(C, F).
Néu tap C cling la tap 10i thi viéc gidi bai todn bai toan FP(C,F) cling tuong

duong véi viéc gidi bai todn can bang EP(C, f), trong d6
fxy)={—=F(x),y—x).
That vay, néu x* 1a nghiém cta FP(C, F) thi
f@y) = —F@),y—x) = y—x"[?>0,vyeC.

Do d6, x* 1a nghiém cua EP(C, f).

Ngudc lai, gia st x* 1a nghiém ctia EP(C, f). Khi d6, do x* € C, F(x*) € C vaC la tap

16i nén y = )%(x) € C. Vi vay,

x*+ F(x")

* X*+F(X*) * 1 * *\ (12
R ) = - F )

0< f(x",y) =(

Suy ra x* = F(x*) hay x* la nghiém cta bai toan FP(C, F).
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e. Bai toan can bang Nash trong tro chei khong hap tic (Nash equilibria prob-
lem in noncooperative games)

Truc tién, ta tim hiéu d6i nét vé bai todn can bang ti viéc xét mot tro choi khong
hop tac gom hai du thi (ngudi choi). Goi C; C R, C> C R 1a tip chién ludc cia dau
thii 1, 2 tuong dng. Cip phuong 4n (x,y) goi 1a chdp nhdn duoc néu (x,y) € C x Cs.
Gid st f1, f> : C1 x C; — R tuong tng 12 ham lgi ich ctia cac dau thi 1, 2; nghia 13, néu
déu thi 1 chon phuong 4n choi x € C; va dau thd 2 chon phuong 4n choi y € C, thi dau
thii 1 nhan i ich 1a fi(x,y) va d4u thi 2 nhan 10i ich 1a f>(x,y). L& tu nhién 1a méi
diu thii déu mubén chon phuong 4n choi sao cho 1gi ich ctia minh 14 16n nhét. Do 10i
ich thuong mau thuin nén diéu nay dan dén khai niém di€ém can bang dugc dinh nghia

nhu sau: Ta goi (x*,y*) € Cy x C, 1a diém cdn bdng cla tro choi néu

Al y") = max fi (2.5,

xely

fo(x",y") = max fo(x",y).
ye(y

Nhu vy diém can bang ctia trd chdi 1a mot cip phuong 4n chip nhan dudgc, tai

d6 10i ich ctia mdi diu thd 14 cao nhit. Thong thudng, ngudi ta gia st
filx,y)+ fa(x,y) =0, Vx € C,Vy € C,.

Gia thiét nay c6 nghia 13, 1gi ich ctia d4u thii nay ding bang thua thiét cia d6i thi kia.
Bing céch dit
fxy) = filx,y) va = f(xy) = fax,y)

ta dua dugc bai todn néi trén vé bai toan can bang EP(C, f).

Tong quat, xét bai toan sau day. Cho I := {1,..., p} 1a tap hitu han cac chi sb (tap
p ngudi choi); C; C R 1a céc tap 10i, dong, khac rong (tap chién lugc ctia ngudi choi thit
ichvafi:C:=C x..xC,—R 16i trén C; theo thanh phan thi i (ham Igi ich ctia
ngudi chdi thi i € 1, phu thudc theo tt ca cic chién ludc ctia nhitng ngudi choi khac).
Véix = (x1,...,xp),y = (¥1,...,¥p) € C, ta dinh nghia

x; néu j#i

(xlyil); =

y; neéu j=I.
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Bai toan can bang Nash (NEP) 1 bai toan
Tim x* € C sao cho f;(x*) < fi(x*[v]), Vyvi € C;,Vi € I.
Diém x* nhu vay goi la di€ém can bang cia mo hinh tro chdi. Bang cach dit

fxy) = ;{fi(x[)’i]) —filx)}: x,yeC,
i
ta dua dudc bai ton can bang Nash vé bai toan EP(C, f).
1.3 Su ton tai nghiém cta bai toan to6i wu va bai toan cin
b%ing trong khong gian Banach

Biy gio, ching t6i nhic lai mot sd két qua vé su ton tai nghiém, tinh duy nhét
nghiém cta bai toan cin bing EP(C, f) va bai toan tdi uu. Ching toi chi dé cap dén
cac két qua quan trong ma khong dua ra ching minh cic két qua dé & day. Céc chiing
minh cta cac két qua nay c6 thé tham khdo trong cic tai liéu [4], [5], [6], [10], [17],
[25], [26], [39].

Pinh ly 1.3.1. ([17, Ky Fan’s Theorem], [25, Theorem 3.3]). Gid sit C la mét tdp con
16i, dong, khdc rong ciia khéng gian Banach E va f : C x C — RU{+eo} la mot song

ham cdn bdng théa mdn cdc diéu kién sau:
i) f(.,y) la ham nita lién tuc trén theo bién thit nhdt véi moi y € C,
ii) f(x,.) la ham twa l6i theo bién thii hai véi méi x € C ¢ dinh.
Khi do, néu C la tdp compact hodc diéu kién biic sau duoc théa mdn
iii) Ton tai mét tdp compact B C E va yo € BNC sao cho f(x,y9) <0, Vx € C\B;
thi bai todn cdn bang EP(C, f) c6 nghiém.

Bay gid, chiing ta xét dén diéu kién ton tai nghiém duy nhét ctia bai toan tdi vu 16i

trén khong gian Banach phan xa.
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Dinh 1y 1.3.2. ([4, Theorem 2.11, Remark 2.13]). Cho C la tdp con l6i dong trong
khong gian Banach phdn xa E va f la ham 16i, chinh thuong, niia lién tuc dudi trén .
Gid sit thém rang hodc C la mét tdp bi chén hodc f théa man diéu kién biic

m  f(x) = +oo.

[|x||—=eo,xeC
Khi dé, moi diém cuc tiéu dia phuong cua f trén C déu la diém cuc tiéu toan cuc, ngodi
ra tdp cdc diém cuc tiéu argmin{ f (x) : x € C} la tdp khdc rong. Hon nita, néu f la loi

chdt thi ham sé c6 duy nhdt mot diém cuc tiéu toan cuc trén C.

Trude khi bude sang Chuong 2, ching tdi nhic lai mot bé dé dude ap dung dé

chiing minh tinh duy nhét nghiém ctia bai toan tbi uu trong khong gian Banach.

B6 dé 1.3.3. ([52, Lemma 2.2]). Gid sit C la mot tdp con 16i, dong, khdc réng va bi
chdn trong khong gian Banach E va f : C — RU {+oeo} la ham 16i, chinh thuong, nita

lién tuc dudi trén C. Khi do, | la mot ham bi chan dudi.

B& dé 1.3.4. ([10, Proposition 2.11 Chapter 2]). Khéng gian Banach E la 16i déu khi

va chi khi ham f(x) = 5||x||? la 1i chdt.

Dinh ly 1.3.5. Cho E la khéng gian Banach va C la mot tdp 16i, dong, khdc rong trong
E. Ham h: C — RU {+oeo} la ham 16i, chinh thuong, nita lién tuc dudi trén C. Khi do,
ham h(.) + o||.]|* véi a > 0 théa mén diéu kién biic trén C, tiic la

lim  (h(x) + o|x]|*) = 4-oo.

||| —-o0,xeC
Chiing minh. Gid st ngudc lai rang h(.) + o||.||*> khong théa man diéu kién buc trén
C. Khi d6, ton tai mot diy {x*} C C sao cho ||x*|| — +oo khi k — oo va tdn tai mot s6

M sao cho h(x*) + o||x*||> < M v6i moi k. Do do, suy ra

Vi vdy, ta co
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Léy x € C cb dinh. Khi d6, do C 1a tap 16i nén (1 — xl—k) %+ ——x* € C. Ap dung tinh

[l

chét 16i ctia ham A trén C ta c6

(- )7 ) < (- o)+ e @
)

x|

h
|

, APV BN S
kgToo <<1 _W> h(x)—{—wh(x )) = —oo, (1.12)

Pit y* = (1 — ) x4+ —=xF € C. Khi d6, ta cé
]

[Eall

—

— —oo nén

Do limy_, 4o ||x*|| = +o0 va limy_, 4o

_ 1 _
Iy =l = ol =3l < 1+

(il

trong d6 bét ding thiic thi hai c6 dude do limy_, . Xk = +oeo. Vi vay, y* € B[x;R]NC

[l

<R
(o I

véi B[x;R] 1a tap 16i dong bi chin nén dp dung B6 dé 1.3.3 ta suy ra ton tai mot s6 N
sao cho h(y*) > N. Két hop diéu nay vé6i (1.11) va (1.12) ta suy ra diéu mau thuln, tic

gia st sai. Vay i(.) 4 «/|.||> 12 hAm thda man diéu kién biic trén C. O
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Chuong 2

Phuong phap chiéu thu hep giai bai toan can bang khong
don diéu

Trong vai nim trd lai ddy, viéc nghién ctiu thuét todn gidi bai todn cin bing
da trd thanh mot vAn dé thai su va thu hit dude su quan tim clia nhiéu nha khoa hoc
trong va ngoai nudc. C6 rat nhiéu két qua vé phuong phap tim nghiém dat dudc trong
khong gian Hilbert nhu: phuong phiap ham gap [30], phuong phap nguyén ly bai toan
phu [31, 38], phuong phap diém gan ké [32], phuong phap dao ham ting cudng két
hop hoic khong két hop v6i quy tic tim kiém tia [15, 16, 21, 41, 42]. Gan day, bai todn
can bang dudc nhiéu nha khoa hoc mé rong nghién citu phuong phap tim nghiém trong
khong gian Banach nhu trong [9, 12, 19, 20, 27, 28, 40, 43, 47, 51]. Tuy nhién, cac Kkét
qua nay con chua nhiéu, dic biét 1a cac két qua cho bai toan can bang khong don diéu.
Vi viy, trong chuong ndy, ching t6i nghién ctfu dé xuit mot thuit todn giai bai todn
can bang ma song ham la khong don diéu trong khong gian Banach. Thuit toan la su
két hop clia phuong phap chiéu thu hep va phuong phap tim kiém theo tia. Chuong nay
gdm ba muc. Muc thd nhét ching t6i danh cho viéc dit bai todn bi“lng cach nhic lai
thuat todn ciia nhom tac gia A. N. Tusem va V. Mohebbi trong [22]. Muc thu hai, ngoai
viéc trinh bay mot s6 bd dé ky thuat, chiing tdi d& xuit mot thut toan gidi bai todn cin
bang khong don diéu trong khong gian Banach. Muc cudi cuing ctia chuong 1a vi du s6
minh hoa cho thuat toan.

Noi dung chinh ctia chuong ndy da dudgc cong bd trong bai bdo [CT1] thudc Danh
muc céc cdng trinh lién quan dén Lu4n an.

[CT1] B.V. Dinh, H.D. Manh, T.T.H. Thanh (2023), Extragradient algorithms with
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linesearches for solving nonmonotone equilibrium problems in Banach spaces, Viet-

nam Journal of Mathematics, (accepted).

2.1 Mé dau

Gia st IE 1a khong gian Banach thuc v6i chuén 1a || - || va E* 1a khong gian d6i ngau
ctia E. P& ngin gon, chiing t6i khong nhic lai gia thiét vé khong gian Banach thuyc E
nita. Trong chuong nay, chiing tdi nhic lai dinh nghia ham ¢ : E x E — [0; +o0) dudc

dinh nghia trong Chuong 1 nhu sau:
o(x,y) = [[x* = 2(Jx,y) + [Iyl*, Vx,y €E.

Gia st C C E 1a mot tap con 161, dong, khac réng va song ham can bang f : C x C — R.
Xét bai toan can bang EP(C, f):

Tim x* € C sao cho f(x*,y) >0, Vy € C,
va bai todn lién két véi EP(C, f) 1 bai to4n can bang Minty MEP(C, f) (c6 thé goi 1a
bai toan dbi ngau):
Tim u* € C sao cho f(y,u*) <0, Vy € C.
Trong Chuong 1, ta da ky hiéu tap nghiém cua bai toan EP(C, f) va bai toan MEP(C, f)
1an lugt 12 S va Sy.
Chiing ta bit dau chuong nay bing viéc nhic lai mot thuit toan trong bai bdo [22].

Dé tim nghiém cta bai todn EP(C, f), trong [22] cic tdc gia da stia d6i phuong phap

dao ham ting cudng két hop véi quy tac tim kiém theo tia ddi véi bai todn bat dang
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thtic bién phan trong [23] d€ c¢6 dugc thuat todn sau:

Pec,
2 = argmin { f(x*,y) + 55 [[> = 5- (", y) sy € €,

(k) Vi

V= ogF + (1 — oy )x*, trong d6 oy =2~
4 1(k) = min {I € N: B f(ul ,x*) = Bef (u',2*) = S[|5)1> = 20755, 2F) + [[¥]] ],
ub =271k - (1 =270k,

wi = Py, (xX), v6i Hy = {y € E: (y — x5, 1*) + £ (5%, %) <0}, hF € o, f (5, xF),

X — P (Wk) )

\

(2.1)
Trong bai bao [22], cic tac gia chi ra ring néu f la gia don diéu trén C va tip nghiém
S = 0, thi dudi mot sb diéu kién thich hop cho cac tham s6 va tinh lién tuc cta f, ddy
{xk} sinh bdi (2.1) hoi tu yéu t6i mdt nghiém clia bai todn can biang. Mot uu diém cia
thuat to4n nay 1a song ham f khong yéu cau théa man diéu kién ki€u Lipschitz va ta
c6 thé tim nghiém ctia bai todn can bang EP(C, f) biang cach giai mot ddy cac bai todn
t6i uu 10i, ma cac bai toan niy dé hon bai toan gbc. Tuy nhién, trong thuit todn nay van
doi hoi gia thiét vé tinh gia don diéu trén C clia song ham f. Vay liéu c6 thé xay dung
mot thuat toan dung d€ giai bai toan cin bang khong don diéu va khong Lipschitz trong
khong gian Banach hay khong? Céc tac gia D. Rouhani va B. Mohebbi da tra 16i cau
héi nay trong bai bdo [46]. Xuait phat tif thuat todn trén clia cac tdc gid A. N. Tusem va
V. Mohebbi, ching t6i ciing tra 15i ciu hdi nay bing cach dé xuit mot thut toan khac
véi thuat toan trong [46], dung d€ gidi bai toan can bang trong khong gian Banach ma
song ham f khong can mot gia thiét ndo vé tinh don diéu va tinh Lipschitz. Vé6i gia
thiét vé tinh lién tuc, tinh 15i theo bién thif hai cia song ham va tinh khéc réng ctia tap
nghiém bai toidn Minty, ching t6i chi ra rang day sinh bdi thuét toan dudc dé xuét hoi

tu manh t6i nghiém ctia bai toan can bang EP(C, f).
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2.2 Thuét toan chiéu thu hep két hdp quy tac tim kiém theo
tia

Sau day, chiing toi ludn gia thiét rang [E 1a khong gian Banach tron déu va 16i déu,

C 1a tap con 16i dong khac rdng trong E. Gid st f : E x E — R 12 song ham thda man

f(x,x) = 0 v6i moi x € C va thda min céc diéu kién sau:
(1) f(x,.)1216i trén E v6i moi x € C;
(@5) f(-,-) 1alién tuc trén [E x | va déu theo bién thi hai trén cac tap bi chin;

(e#) f(x,-) la Lipschitz déu (theo x) trén cic tap bi chiin, tic 1a véi bat ky tap bi chin
D C E ndo, ton tai mot s6 L > 0 sao cho |f(x,y) — f(x,z)| < L|ly —z|| v6i moi

X, ¥,z €D;
Trong chuong nay, ching tdi can két qué clia cac bd dé sau:

Bo dé 2.2.1. ([3]) Gid sit {x*} va {y*} la hai day trong khong gian Banach 16i déu
va tron déu E. Néu @(x*,yX) — 0 va day {x*} hodc day {y*} la bi chdn, thi ta c6

[k — YK|| — 0 khi k — oo.

B6 dé 2.2.2. Gid sit C la tdp con 1i, dong, khdc réng ciia khong gian Banach phdn
xa, 16i chdt va tron E. Gid sit {x*} la ddy trong E va u € E. Néu {x*} la day théa man
diéu kién sau

w, () ={x: 28 =~ x} CC,

va

@(u,X*) < @(u,Pc(u)), Vk, 2.2)

thi @(Pc(u),x*) — 0 khi k — oo.

Chifng minh. Ti tinh chit (1.5) ctia ham ¢ va gia thiét (2.2), ta suy ra rang {x*} 1a
day bi chin. Do d6, @, (x*) 12 mot tap khic rong. Liy v € @,,(x*). Khi d6, tdn tai mot
day con {x%i} ctia day {x*} va x*/ — v khi j — co. Thay thé k trong (2.2) bang k;, cho

j — oo va st dung tinh lién tuc dudi yéu cta ||.||%, ta c6
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0, v) = [|ul* —2(Ju,v) +|[|?
< ||u||* = liminf 2(Ju,x") + liminf || /(|2
Jore oo
= Liminf(|lu]|* — 2(Ju, x"7) + [5]%) (2.3)
oo
= liminfq(u, x*/)
oo
< o(u, Pe(u)).
Theo Ménh dé 1.1.20(3) va (2.3), ta c6
@(Fc(u),v) < @(u,v) — @(u, Fc(u)) <0.
Két hop véi o (Pc(u),v) >0, tacé @(Pc(u),v) =0, tic 1a v = Pe(u) v6i moi v € @, (xF).
Do d6, ta c6 @, (x*) = {Pc(u)}, nghia Ia
XK= Po(u), (2.4)
khi k — oo. Theo (1.6) va (2.4), ta c6

@ (Pc(u),xX) = @(Pe(u),u) + @(u,x*) + 2(JPc(u) — Ju,u — x*)
< @(Pc(u),u) + @(u, Pe(u)) +2(J Pe(u) — Ju,u —x¥).
Cho k — oo, theo (1.7), (2.4) va tinh khong 4m ctia ¢, ta nhan thiy ring
o (Pe(u),7*) =0

khi £k — oo.
]

B6 dé sau dudc xem nhu mdt phién ban ctia BS dé 4 trong [14] trong khdng gian

Banach.

Bo dé 2.2.3. Gid sit rdng song ham f théa man diéu kién (<#,), (<#3). Néu {x*}  C la
day bi chen, B > py > a > 0va {y*} la day théa man

1
k . k kY.
y —argmm{f(x ,y)+2pk<P(x y) yGC},

thi {y*} la day bi chdn.
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Chiing minh. Vi

1
_(p(xk7y) S yE C}7

k . { k
— argmin X R +
y g f( )’) 201

nén ta co

O+ z—pkfp(xk W) < FEy) + z%kw(xk,y), Yy € C.

Thay thé y = x* vao bét dang thic trén, ta c6

qu(xk,y") <0. (2.5)

Xk,k—l—
S5 5) e

Hon nita, véi moi & € o f(x*,x5), ta c6
FO&y) = FOR ) > (G =), wyec. (2.6)
Thay thé y = y* vao bit dang thic trén, ta c6
FEE) = (G =) = =&Y =
Diéu nay din dén
FEEY) +

Tu (2.5) va (2.7), taco

1 k 1 k .k
: _ V). 2.7
2pk<P( YY) > = || Ell Iy =) + pk<P(x ) (2.7)

=1l lly* ~ "||+ (xk W) <

Mit khéc, @(x*,y%) > ([lX*]| - [|y*[)*. Do do,

1
=GN+ 11D + 5=l = 1 1)* < 0
2pk
Diéu nay din dén

1 k12 ( 1 k > k < 1 k2 k )
— — + —|x + | =X = Jlx <0
2o 17 = LSl 2R AT { g R = el

Vi vy,

11 < pell el + [134]] + \/pk2\|§k||2 + 40| Sell 1] (2.8)

Vi {x*} 12 ddy bi chiin, nén stf dung (2.6) va gia thiét (24), ta c6

1&l = sup (Ey—o) < sup  |F(H,y) — FOE ) < L. (2.9)

[[y—xk[|<1 [y—xk[|<1

Do d6, {&} 1a day bi chin. Ti (2.9) va (2.8) ta két luan rang {y*} 1a ddy bi chin. [
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Bay gid, chiing t6i dé xuat mot thudt toan d€ giai bai todn can bang khong don diéu
trong khong gian Banach thuc nhu sau.
Thuat toan 2.1

Buedc khdi tao. Chon x° = x8 € C va cac tham sé 1, u € (0,1),0 < a < pr < B.
bit By =C.

Buede ldp thit k (k=0,1,2,...). C6 x* ta thuc hién cdc budc sau:
Budc 1. Tinh

1
k : k kY.
y —argmm{f(x ,y)—l—2 kqo(x ,y) yeC}.

Néu y* = x, thi ding thuat toan. Trai lai, chuyén sang Budc 2.
Budc 2. Thuc hién mdt trong bdn quy tic tim kiém theo tia sau:
Quy tic tim kiém theo tia 1: Tim n; 12 s6 nguyén ducng nhd nhét m sao
cho
Zk,m — (1 . nm)xk+ nmyk
FE ) = f(7 ) > 5 (5.
bit n = n"™, 2F =
Quy tac tim kiém theo tia 2: Tim my 12 s nguyén duong nhé nhit m sao

cho

= (1= )+t

(852" =) = 55 @(x*,)F) voi g5 € o f (25, 25m).

Dit ng = n", 7K = 5k gk = ghmk,
Quy tic tim kiém theo tia 3: Tim my 12 s nguyén duong nhd nhét m sao
cho
A = (1= gty
f(myk) < —Z%qo(x",yk).
bit ng = 0", F =2

Quy tac tim kiém theo tia 4: Tim my 12 sb nguyén duong nhd nhat m sao
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Zk,m — (1 - nm)xk 4 nmyk

f(ZkJn?xk) _f(zhmayk) +f(xk7yk) > _;Lﬁ(p(xk7yk)'

Dit ne = ", 2 =2

Budc 3. Chon wk € 9, f(ZF,x%). Tinh
Ltk = Pck (xk ),

trong do

Ci.=CNH,
Hy={xc E: (W x—x"+ f(Z5,+) <o}

Budc 4. Tinh

xk+l — PBk+1 (.Xg),

trong d6 By, = {x € By : o(u*,x) < @(x*,x)} va quay vé& Budc ldp thii k
v6i k dugc thay bdi k+ 1.

Nhan xét 2.2.4. (i) Néuy* =x* thi x* la mét nghiém ciia bai todn cdn bang EP(C, f).

(ii) Ap dung Pinh Iy 1.3.2 va 1.3.5, bai todn t6i uu ¢ Budc 1 ciia Thudt todn 2.1 ¢o

nghiém. Theo Bé dé 1.3.4, bai todn nay cé nghiém duy nhdt.

B§ dé sau c6 thé dugc xem nhu mot phién ban trong khong gian Banach ctia BS dé

4.2 trong [42] (cung nhu trong [22]).
B& dé 2.2.5. Tai méi budc ldp thit k, néu y* # x* thi ta co:
(i) Quy tdc tim kiém theo tia 1, 2, 3 va 4 la xdc dinh tot;

(ii) f(z*,x5) > 0.
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Chitng minh. (i) Pau tién, ta ching minh cho trudng hdp ctia quy tac tim kiém theo tia
1. That vay, liy k € N. Gia st ngudc lai rang bat dang thic sau ding véi moi s6 nguyén
duong m.

P = ) < 50k, (2.10)
Béi vi 25" = (1 — n™)x* +n™y* van € (0,1) nén ta c6 25" — xF khi m — 0. Theo
gia thiét (@4), ta c6 f(Z5",xF) — 0 va f(z5" y%) — £(x*,y*) khi m — eo. Do d6, cho
m — oo trong (2.10), ta nhan dugc

M

XK V0. 2.11
2pk(p( ¥) (2.11)

_f(xk7yk) <
Bay gio, tu Bu6c 1 cua Thuit toan 2.1, ta co
k - k 1 k
y =argmin{ f(,y) + 5 —0(y) s ye ).
Pk
Ap dung B& dé 1.1.10, ta cé

1
0€ f(xk )+ z—pkazqo(xk,yk) +Nc(yh).

Két hap véi dr @ (xF, y*) = {2(JyF — Jx¥)}, ta c6 ton tai vk € oy f(xF,y*) sao cho

1
k= — (I —b) e Ne(Y).
Pk
Diéu nay nghia 1a
1
=y + p—<Jy" —Jxy—y) >0, ¥yeC. (2.12)
k

Mt khic, v* € 9> f(x*,y¥), nén theo dinh nghia dudi vi phan, ta c6
FEE) = FEEY) = 0Fy =) =0, wyec. (2.13)
Tu (2.12) va (2.13), ta nhan dudc
FOE2) = FOEY) + pikUy" —Jty—y) 20, vyecC, (2.14)

hay la
Prlf (6, y) — V] > (I =Ty =), vy e C. (2.15)
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Thay y = x* vao bat dang thiic trén, ta cé
—pif (6, 55) = (Iy =Tk — ). (2.16)

Tu (1.7), (2.11) va (2.16), ta suy ra

U

Ew(xk,yk) > (Jy* — gk yF =K

=S[00k ) + ()]

> %cv(xk,yk)-

Do d6, (1 — 1)(x*,y*) > 0. Béi vi u € (0,1), ta suy ra rang @(x*,y) < 0. Diéu nay
mau thuin véi tinh chét ctia ham ¢. Vi vy, diéu gia sit 12 sai va quy tic tim kiém theo
tia 1 12 xdc dinh tot. Chiing minh tuong tu, ta cling c6 cdc quy tic tim kiém theo tia 2,
3 va 4 1a x4c dinh t6t.

(ii) St dung gid thiét (.7]) va dinh nghia ham 16i, ta c6
Mf (5 5%) + (=m0 £ 40 = £ ot + (1= m)at) (2.17)
= f(,7) =o0.

Diéu nay din dén
Ml (2,65 — F(E )] < F(25). (2.18)

Truong hop 1. Quy tac tim kiém theo tia 1 dudc st dung. Trong trudng hop nay, ta c6
u
) =15 2 5000, (2.19)
St dung (2.18) va (2.19), ta dat dugc

£ A0 > ‘%@(xk,yk). (2.20)

Truong hop 2. Quy tic tim kiém theo tia 2 dudc st dung. Bdi vi gk € 0, (25, Z5), nén
ta co

f(2) > (g5 - vzec.

Thay z = x* vao bét dang thiic trén, ta c6

f(@ 0 > (g5, =25,
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Bai vi 2F = (1 — m)xF + myk, nén x* — 28 = n (xXF —y%). Do d6, thay vao bét dang thiic
trén ta co

P 2 Ml 2 ) = S (), @21)

trong d6 bat dang thic thi hai suy tif quy tc tim kiém theo tia 2.
Truong hop 3. Quy tac tim kiém theo tia 3 dudc st dung. Tir dinh nghia ctia ZX, ta suy
ra ring

M

k k) < k k
2pk<P(x V) < =M f(25,55)

< (1 - nk)f(zk7xk)7

trong d6 bat dang thifc cudi cing suy tir (2.17). Két hop véi y* # x*, 1 > 0,p, > 0 va
0<m < 1,tacéd f(z5,x5) > 0. Do d6,

(1 - Thc)f(zkvxk) < f(zkaxk)'

Vi vy,
£ ) > Bk by, (2.22)

2pk
Truong hop 4. Quy tic tim kiém theo tia 4 dugc st dung. Ap dung (2.5), ta nhan dudgc

F( ) = () = —F(F ) — 2 o, y")
Px

L o B

k k)
2pk 2pk

Q"

Két hop véi (2.18), ta suy ra rang

(1 —p)

kK. 2.23
e P, y") (2.23)

F ) 2 () = £()0) =

Tém lai, trong bdn trudng hop, tir (2.20),(2.21),(2.22) va (2.23), ta suy ra ring
f(Z5,x5) > 0. O

Dinh ly sau day thiét 1ap su hoi tu manh ctia day {x*} t6i mot nghiém ctia bai toan

can biang EP(C, f).
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Dinh Iy 2.2.6. Gid sit rang tdp Sy khdc rong. Khi do, vdi cdc gid thiét (o)) — (<),
cdc day {x*} va {u*} sinh béi Thudt todn 2.1 héi tu manh t6i mét nghiém x* cia bai

todn EP(C, f).

Chiing minh. Ta chia ching minh cua dinh ly thanh ba buGc nhu sau.
Budc 1. Tasé chirardng Sy C N7 oCr C Ni_oBy vanam day {x*}, {*}, {Z}, {(w*}, {uk}
bi chan.

That vay, 14y X € Sy, tic 13, f(y,%) <0,Vy € C. Thay y = zF € C vio ta c6
f(&,%) <0, Vk. (2.24)
B&i vi wk € 5 (5, x*) nén ta cé
f() = FEE )+ Wy =2 vyec.

Thay y = X vao bat dang thic trén, ta c6

(%) > F(F 55+ (w5 —x5). (2.25)
Tu (2.24) va (2.25), ta suy ra

F(, 55 + WK x— k) <0, Vk.

Diéu nay nghia la x € Hy vi Vk. Vi viy, X € Cy v6i Vk. Do d6, Sy C N7_Ci.
Liy bat ky x € N7_,Cy. Do u* = Pc, (x*) va dp dung Ménh dé 1.1.20(i), ta suy ra
rﬁng
(', x) < @(x,x) — (o, u)
< @(x*,x), Vx € Ny_oCy, Vk.

(2.26)

Vi viy, N2 Ci C N5 oBx.

Hon thé nita, st dung dinh nghia ctia x*, ta c6
o (x%, x5 + (6", x) < o(x8,x), Vx € By.

Vi vay,
@ (x%,x5) < o(x8,x), Vx € By. (2.27)
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Diéu nay nghia 1a

o (x%,x) < @(x8,%), Vk, Vi € NT_oBy. (2.28)
Mt khéc, theo tinh chét cia ham ¢, taco
Q(x%, %) > ([|x8] — (1),

Két hop vdi (2.28), ta suy ra tinh bi chin ctia day {x*}. Tiép tuc, 4p dung B& dé 2.2.3,
ta cling c6 tinh bi chiin ctia diy {y*}. Theo dinh nghia ctia z¥, {z*} ciing la diy bi chin.

St dung gia thiét (24), ta cé

W = sup (why—x)< sup |f(y) - f(E ) <L
[ly—xk[|<1 [[y—x[<1

Vi vay, {wk} 1a day bi chin. Theo (2.26) va tinh bi chin ctia day {x*}, ta suy ra ring
day {u*} 12 day bi chin.
Budc 2. Ta sé chi ra rang limy_., @ (xF, 1) = limy .. @ (%, xF) = 0 va bit ky diém tu
yéu ¥ nao ctia day {x*} ciing thudc By v6i moi k.
That vay, thay x béi x*! trong (2.27), ta nhan dugc

o (x%,x) < @(x8, X1 V. (2.29)
Két hop véi tinh bi chin ctia diy {x*}, diéu nay din dén

lim @(x8,x) = ¢ > 0. (2.30)

k—>o0

Hon thé nita, ta ¢6

(kX = o(0F, x%) + (a8, KT 4 2(IxF — Jx8, 18 — X
= @(xF, x8) 4+ @ (68, XK1 4 2(Jxk — Tx8 x8 — XY+ 2(IxF — Jx8 Xk — XD
= ook, x8) + o(x8, ) — (@, x8) + @ (x8,68)) + 2 Ik — Jx8 KF — KT
= (x5, 1) — @ (a8, 2K + 2 (Jxk — I8, ok — KT
< (8, ) — (%25,

(2.31)
trong d6 bt dang thifc cudi cung c6 dudc vi xk = Pp, (x%) va x*+1 € By. Cho k — o

trong (2.31), do (2.30) va tinh khong am cuia ¢, ta nhan dugc

lim @ (x*,x*1) = 0. (2.32)

k—roo
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St dung diéu nay cling véi B6 dé 2.2.1, ta c6
lim [|x** — k|| = 0. (2.33)

Boi vi X1 € By, 1 nén ta c6 @ (uf,x*1) < o(xF ¥**1). Diéu nay din dén

0 < P x¥) = P(u 1) 4+ () 2k — I AT k)
< (X ) 4 @ (F T XY 2Tk — Tk KT R
— (I gk T Ry ok g Tk

= 2(Juk — Jxk KT xR,

Do do,
0< (p(uk,xk) < 2|]]uk—Jxk|].ka+1 —ka.

Do E 12 khong gian tron déu nén theo Ménh dé 1.1.17 ta ¢6 J 1a lién tuc déu trén mbi

tap bi chiin ctia E. Két hop véi tinh bi chiin clia hai diy {x*} va {u}, ta suy ra
|[Juk — IxK|| < K.
Vi vy, tif hai bit dang thic trén ta c6
0 < @(uf, x*) < K|]xFT — x4
Cho k — o va st dung (2.33), ta nhan dudc

lim @ (u*, x*) = 0. (2.34)

k—»o0
Bay gio, ta gia st ring ton tai mot day {x*/} 1a diy con cia diy {x*} va x¥/ — X khi
j — 0. Ta phai ching minh ring X € By véi moi k. Gia st ngudc lai rang tdn tai mot
s6 kg sao cho X ¢ By,. Vi By, la dong va 16i nén By, cing la dong yéu. Do dé, ton tai
mot sb k o > ko sao cho xhi ¢ By, v6i moi kj > kj,. Noi riéng, xKio Z By,. Diéu nay mau
thuan véi Xy, € Bkjo—l C ... C Byy11 C By, Vi vay, diéu gia st sai va X € By v6i Vk hay
X € Ni_oBk.

Budc 3. Hai day {x'},{u*} hoi tu manh t6i x* = P, (x%) va x* 1a nghiém ciia
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EP(C, f). That viy, thay thé X bang x* trong (2.28), ta c6 @(x8,x) < @ (x8, Pre g (%)),

St dung diéu nay va B3 dé 2.2.2, ta nhan dudc
0", ) = @(Prp 5, (5),24) 5 OKhik > om

Két hop véi tinh bi chin cta {x*}, ta suy ra x* — x* khi k — oo. Tir (2.34) va B& dé
2.2.1, ta nhan dudc

lim ||x* — || = 0. (2.35)
k—ro0

Vi vy, uf — x* khi k — oo

St dung dinh nghia ctia u* va Cy, ta c6 u* € Hy. Diéu nay din dén
Wk uk — x5y 4 £, 40) <o, (2.36)

Mat khac,
[l =) < [IwE e — .
Két hop v6i (2.35) va tinh bi chin ctia {w*}, ta nhan dugc (W, u* —x*) — 0 khi k — oo

Cho k — oo trong (2.36) va sit dung B& dé 2.2.5(ii), ta c6

lim f(z*,x%) = 0.

k—>oo0

Néu ta st dung quy tac tim kiém theo tia 1, tir (2.20), ta c6

k MMk ok ky ~ MMk k
f(z ,xk)zz—pk(p(x aY)Zﬁ(P(XkJ)ZO-

K&t hop v6i limy_,e (25, xF) = 0, ta nhan dugc
lim n;@(x*,y*) = 0. (2.37)
k—yoo

Tuong tv, néu quy tic tim kiém theo tia 2, 3 hoic 4 dudc st dung thi tir (2.21), (2.22), (2.23),
ta cling suy ra (2.37).
Gia st rang ton tai mot s6 kg > 0 va T > 0 sao cho @(x*,y*) > 1 v6i Vk > ko. Khi do,
tur (2.37) ta co
lim 1 = 0.

k—ro0
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Bay gio, ta xét cac truong hdp sau.
Truong hop 1. Gia st quy tac tim kiém theo tia 1 dudc st dung. V6i my — 1, tdn tai

Zom—l = (1 — = D)xk 4 nm—1yk sao0 cho

FEm Y — ey < %}(‘P(Xk,yk)- (2.38)

St dung limy_s., ||z5%~1 — xk|| = 0 va gia thiét (.2%), ta c6 cc bat dang thic sau khi k

i 16n.
pu(f(h ) — (it ahy) < TLH)
P38 ) < TR
Vi vy,
i (K, 20) = £ 30)) < i (PR — F(mT 30) + Q
< Lol +1_T“<p( )
—~ %w(xk,yk)

Két hop véi (2.16), ta ¢
1
Iy = ad =) < S (),

hay 1a
1

S04+ 5

1
Eqo(xk,y") < 5go(xk,y"), khi k dii 16n.

Vi vay, (¥, x*) < 0. Didu nay mau thuin véi dinh nghia ctia ham ¢.
Truong hop 2. Gia st quy tic tim kiém theo tia 2 dudc st dung. V6i my — 1, ton tai

Zom—l = (1 — = D)xk 4 n—1yk sao0 cho
(gt —yh) < (k). (2.39)
2Py

trong d6 g1 € 9y f(Fm =1, Zm—1) Theo dinh nghia dudi vi phan ctia f (5! ,.)

va (2.39), taco

f(Zk,mk—l’yk) > <gk,mk—1’yk _Zk,mk—1>



mk—l _ 1 ,u,
> o M ik
Do do, ta co
mk—l _ 1
pkf(zk,mk—l’yk) > (77 > )»u(p(xk’yk).
Tir (2.5), ta nhan duge
1
_pkf(xk7yk) > E(p(xkayk)'
Cong hai bat dang thic trén, ta c6
. 1—u-+ my—1
PLIE ) = 4 0) > —EE— (k) (240)
l—u
> Eo ),

trong d6 bét dang thiic cubi cung suy tir 1 > 0, > 0 va y* # ¥,
St dung limy_s., |21 —xk|| = 0 va tinh lién tuc cda f, ta c6 bét dang thic sau khi k
du 16n.

Pr(f () — F(F YY) < M

Két hop véi (2.40), ta c6

hay tuong duong véi

khi k dd 16n. Piéu nay méau thuin véi gia thiét ¢ (x*,y*) > 7 véi moi k > k.
Truong hop 3. Gia st quy tic tim kiém theo tia 3 dugc st dung. V6i my — 1, tdn tai

Zom—l = (1 — = D)xk - nm—1yk sao0 cho

F(Em > ZE

Tu (2.5), taco

_f(xk7yk) > 2_(p<xk7yk)'
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Tt hai bat dang thifc trén, ta nhan dudc

P ) — 7 4) > 1 g ), @41

St dung limy_,., ||z~ — x¥|| = 0 va tinh lién tuc cla f, ta c6 bat dang thiic sau khi k
du 16n.

Pr(f (M) — F(F 1)) < M

Két hop véi (2.41), ta nhan dudc

I—p

hay tuong duong voi
o (x*,y%) < 7 khi k di 16n.
Diéu nay méau thuln véi gia thiét ¢ (x4, y*) > 7 véi moi k > k.

Truong hop 4. Gia st quy tic tim kiém theo tia 4 dudc st dung. V6i my — 1, ton tai

ol = (1 — g™ 1) xk 4 ™13k sao cho

- - —u
f(ZkJnk lvxk) _f(ZkJnk 17yk) +f(xk7yk) < z_pk(p(xkvyk)a
hay la
PLFE ) = FE ) = FEM0) > Solh ). 242)
St dung limy_., ||F"~1 — x¥|| = 0 va gi thiét (%) ta c6 céc bit dang thiic sau khi k
du 16n.
ko kY g hm—1 Jeyy o TH
P ) — pm ) < 2
_ U
Pr(f (™Y = () < -

Cong hai bit dang thifc trén, ta c6

Pe(FFm Ry — Fak yh) — p(mt k) < T2

Két hop véi (2.42), ta nhan dudc
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hay tuong duong véi
@ (x*,y") < 7 khik dii 16n.

Diéu nay méau thuln véi gia thiét ¢ (x4, y*) > 7 for all k > k.

N6i tém lai, néu st dung mot trong bdn quy tic tim kiém theo tia 1, 2, 3, va 4, ta

co

liminf @ (x*,y*) = 0.
k—>oo

Khi d6, ton tai mot day con {x*} ctia {x*} va mot ddy con {y*} ctia {y*} sao cho

lim @ (% y%) = 0.

[—o0

Theo tinh bi chin ctia diy {x%} va BS d& 2.2.1, ta suy ra rang
lim || — %] = 0.
1—ro0

Do x%i — x* va (2.44), ta suy ra rang y& — x* khi i — oo.
Theo dinh nghia ctia y* va lip lai ching minh ctia BS dé 2.2.5, ta ¢
1

SO, y) = ) + — (i — I,y =) > 0, vy e C.

Pk;

Vi J 12 lién tuc déu trén mdi tap con bi chiin cta E va (2.44) nén ta c6
lim ||Jy* — Jxki|| = 0.
i—oo
Két hop véi tinh bi chin ctia ddy {y“} va o < p, < B, ta nhan dugc
1
lim — (JyN — Jxki y — ki) = 0.
i=ee P;
St dung gia thiét (24), ta cd
(o) — () | < LIy — x|
Két hop v6i (2.44), ta c6

lim f(x%,y5) = 0.

i—oo

Cho i — oo trong (2.45), theo gia thiét (%) va (2.46),(2.47), ta nhan dudc

fx"y) >0, vyeC.

Vi vay, x* 1a nghiém cua bai toan EP(C, f).

(2.43)

(2.44)

(2.45)

(2.46)

(2.47)
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2.3 Vidu minh hoa

Trong phan cudi cung cia chuong, chiing t6i xét mot vi du minh hoa cho su hoi tu
ctia Thuat todn 2.1, dong thdi so sdnh né véi thuat toan SEML dung dé giai bai todn
can bang khong don diéu trong khong gian Banach trong [46].
Thuat toan SEML

Budc khdi tao. Ly 0 =18 € E, 1, € [e, 5] v6i € € (0,5]. Chon cdc tham sb

n.u€(0,1),0<a<pr<p.
Budc ldp thit k (k= 0,1,2,...). C6 x* ta thuc hién cdc budc sau:

Buéc 1. Tinh

K = Pc(vk),

1
k . k k .
y —argmm{f(x ,y)+—2pk€0(x ,y) yeC}-

Néu y* = vk, thi diing thuét toan. Trai lai, thuc hién Budc 2.

Buée 2. Tim my 13 s6 nguyén duong nhd nhit m sao cho
Z/’c,m — (1 . nm)xk+ nmyk
f(zk’mvxk) _f(zk’mayk) > 2ka(P(xk7yk)'

Dit ny = n™, 75 = Fm

Budc 3. Lay wk € 9, f(ZF,x%) va x4c dinh
Hy={xc E: (W x—x"+ f(Z5, 4 <o}

Néu k = 0, thi dit Cy = CN Hy. Tinh u* = Pe, (x*), trong d6 G, = Cy— | N H.

Budc 4. Tinh

Vk+1 — PLkﬂNkﬁMk (Vg)7

trong do

Ly={z€E: (Jxk—Juk,Z—xk> < —yk(p(uk,xk)},
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Ny ={z€E: (v — Wk z—vF) <0},
My ={z e E: (W =0k z =5 < —po(x* V)

va quay vé Budc lip k v6i k dudc thay bdi k + 1.

Chu y rang, trong thuit todn cta ching t6i, tai moi budc lip k, d€ tinh budc lap tiép
theo, ta phai giai ba bai todn tdi uu, trong d6, cé mdt bai toan trén tip rang budc C, mot
bai todn trén tap Cy = C N Hy va mot bai toan chiéu thu hep. Trong khi d6, trong thuat
toan SEML trong [46], c4c tdc gia phai giai bén bai todn tdi uu, trong d6 hai bai trén
tap rang budc C, mot bai toan chiéu thu hep va mot bai toan trén tap 16i da dién. Nhu
vay, c6 hai bai todn tuong tu nhau trong hai thuit toan. Diém khic nhau & diy la c6
mot bai todn giai trén tap C; = C N Hy trong thudt toan cuia ching t6i, con cia ho 1a giai
trén tap C va Ly NNy N My, trong d6 Hy, Ly, My, Ny 13 cic tap 16i da dién. Do do, trong

truong hop C 1a tap 16i da dién, thuét todn clia chiing tdi sé tot hon thuat toan SEML.

Vi du 2.3.1. Trong muc nay, chiing tdi xét bai toan can bing EP(C, f) trén khong gian
E = (R",]].]|,) v6i 1 < p < eo. Khong gian ddi ngdu cia E la E* = (R",||.||,), trong d6

L+1—=1. Ching t6i xétham (.,.) : E* x E — R nhu sau:
(u,v) =X ujvi,
vOi u = (uy,...,up)T €E* vav=(vq,...,v;)T €E.

Song ham f : £ X E — R dugc dinh nghia nhu sau

flx,y) = (PJx,x—y),

trong d6 P 1a ma tran thuc cap n. Tir dinh nghia ctia J : E — E*, ta c6 thé thdy ring véi
x=(x1,...,x,) € Etacod

Hfo,_p(xl X172, ..., %, |X0]P~2) néu x #£ 0;
X =

0 néu x = 0.

Bay gio, ta xét p =4,C = {(x1,x2,...,%,) : 0 <x; <03n v6i i =1,2,...,n}. Khin la

s6 chin, ma tran P dudc xdc dinh béi:
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Bing céch chon x = (0,0,...,0)" € Cvay = (0.31,0.3n, ..
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1 .0
2
3 1
1 4
n—1 1
ln_

fx,y) =0,

PJy=03y/n(2,3,....,n,n+1)T,

fO,x) = (PJy,y —x) =0.3*n/n(2+3+...+n+n+1)=

Do do, f 1a khong gia don diéu trén C.

Néu n 1a s6 18, thi ta xét ma tran P dudc xac dinh bdi

0

n

,0.3nm) T €C,tacé

0.3 (n+3)

2

RG rang véi x = (0,0,...,0)T € Cvay = (0.3n,0.3n,...,0.3n)T € C, thitacé

f(x3) =0,

PJ5=03y/n(2,3,...,n,n+1,n)7,

f3,%) = (PJ5,5—%) =0.3*n/n(2+3+...4+n+n+1+n) =

0.3%n%\/n(n+5)

2

> 0.
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Do d6, v6i moi s6 nguyén duong n va ma trin P nhu trén, song ham f 1a khong gia don
diéu trén C. Hon nifa, ta ciing kiém tra dudc f théa mén cic diéu kién ()-(243), va
u=(0.3n,0.3n,...,0.3n)" € Sy.

Chung t6i tién hanh tinh toan cho Thuét toan 2.1 va Thuat toan SEML trong trudng
hop n € {5,10,20,25,30,50} véi cac dit liéu dau vao nhu sau. V6i Thuat todn 2.1,
chon u = 0.1, n =0.99, p; = 1 trong quy tic tim kiém tia 1 va p = 1 — k%l trong
quy tic tim kiém tia 2, 3, 4. V6i Thuat toan SEML, chon u = 0.1, 1 =0.99, p; = 1 va
% = 0.1. Piém xuit phat 1a x¢ = (1,1,...,1)7 véi Thuat todn 2.1, va v8 = (1,1,..., 1)T
v6i Thuat todn SEML. Véi diém xuit phat khac 0, tt ca nim thuét toan hdi tu manh
t6i nghiém x* = (0.3n,...,0.3n). D€ két thiic thuat todn, ching tdi st dung tiéu chuén
dung Err = ”xk”;—*)ﬂ*” < £ v6ie = 1073 hoic s6 budc lip khong qua 2000. Thuat todn 2.1
va Thuat toan SEML dudc 1ap trinh bang phan mém Matlab, phién ban R2015 chay
trén Desktop véi cau hinh Intel (R), Core (TM) i7-9700 CPU, 3.00 Ghz, Ram 8.0 GB.
Céc két qua tinh todn dugc trinh bay trén Bang 2.1 va Hinh 2.1. T Bang 2.1, ching ta
c6 thé thiy ring, v6i cing ngudng sai s6, quy tac tim kiém tia 1, 2 va 3 ctia Thuét todn
2.1 ¢6 1gi thé hon so v6i quy tic tim kiém tia 4 va Thuat toan SEML, dic biét 1a vé sb

budc lap (Iter.) va thoi gian thuc hién (CPU(s)).
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TT. 2.1 linesearch 1 TT. 2.1 linesearch 2 TT. 2.1 linesearch 3
" CPU(s) Iter. CPU(s) Iter. CPU(s) Iter.
5 591 44 6.56 43 6.08 43
10 | 19.42 108 214 116 21.16 116
20| 73.8 266 81.69 298 82.6 298
25| 119.55 346 125.63 368 125.0 368
30| 172.83 442 176.42 446 174.16 446
50 | 2810.94 711 2900.48 728 2902.25 728
TT.2.1 linesearch 4 TT. SEML

" CPU(s) Iter. CPU(s) Iter.

5 8.38 55 154.67 759

10 | 32.08 172 300.5 1333

20| 164.03 551 351.17 1231

25| 302.41 809 1409.67 1432

30 | 1458.61 1080 490.95 880

50 | 15988.75 2000 11048.97 1767

Bang 2.1: Két qua tinh todn cho Vi du 2.3.1.
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— * — TT 2.1 linesearch1
— e —TT 2.2 linesearch 2
— + — TT 2.8 linesearch 3
— « —TT 2.4 linesearch 4
— + —TT SEML

Number of lter.

Hinh 2.1: S6 budc 1ip trong Vi du 2.3.1 trong trudng hop n = 25

1500
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Két luin Chuong 2

Trong chuong nay, ching t6i da dé xuit mot thuat toan dé giai bai toan can bang
v6i song ham 1a khong don diéu trong khong gian Banach thuc. Mdi buéc 1dp trong
thuat toan 1a su két hop giita phuong phap dao ham ting cudng v6i bén quy tac tim
kiém theo tia va k¥ thuat chiéu thu hep. Véi gia thiét vé tinh lién tuc, tinh 16i clia song
ham va tinh khéc rdng ctia tap nghiém bai toan cin bang Minty, chiing toi da chi ra su
hoi tu manh t6i nghiém ctia bai ton ctia day lip {x*}. Pdng thdi, cubi chuong chiing
toi dua ra mot vi du minh hoa cho Thuat toan 2.1 va so sanh n6 véi thuat toan SEML

trong [46].
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Chuong 3

Phuong phap chiéu kiéu thich nghi giai bai toan can bang
khong don diéu

Ciac phuong phdp giai bai todn cin bang EP(C, f) thudng doi hoi tinh 15i theo
bién thif hai va tinh don diéu hodc don diéu suy rong clia song ham f. Tinh dén nay,
da c6 mot sb6 két qua dat dudc cho 16p bai todn cin bang 16i va don diéu nay (xem
[15, 16, 30, 31, 32]). Gan day, mot s tac gid da xay dung thuat toan két hop gilia
phuong phép chiéu thu hep va quy tic tim kiém theo tia d€ giai bai toan cin biang va
bai todn bit dang thic bién phan khong don diéu (xem [13, 49, 58]). Tuy nhién, tai mbi
budc lip thi k4 1 d€ tim x**!, ta can phai thuc hién mot phép chiéu thu hep trén tap
rang budc 1 giao cla tip rang budc thd k v6i mot nita khong gian. Diéu nay dan ti chi
phi tinh toan 16n, dic biét khi s6 chiéu khong gian ting 1én. Vi viy, trong chuong nay,
chiing t6i dé xuét cac thuit toan st dung phuong phap chiéu méi khac véi phuong phap
chiéu thu hep, dé gidi bai toan khong don diéu trong khong gian Euclide R”. Chuong
nay gom hai muc, muc thi nhat danh cho bai toan bat dang thiic bién phan, muc thi
hai danh cho bai toan téng quat hon 1a bai todn cin bang. Trong mdi muc, ching t6i
déu dit ra bai todn nghién ciiu, nhac lai mot s6 bd dé k§ thuat dung trong chiing minh,
dé xuét cic thuit toan mdi va cubi cling 12 dua ra vi du s6 minh hoa cho thuat toan.

Noi dung chinh clia chuong nay da dudgc cong bd trong hai bai bao [CT2] va [CT3]
thuéc Danh muc céc cong trinh lién quan dén Lu4n 4n.

[CT2] B.V. Dinh, H.D. Manh, T.T.H. Thanh (2022), A modified Solodov-Svaiter
method for solving nonmonotone variational inequality problems, Numerical Algo-

rithms, 90, 1715-1734.
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[CT3] T.T.H. Thanh, H.D. Manh, N.T.T. Ha, B.V. Dinh (2023), A novel method for
solving nonmonotone equilibrium problems, (submitted 2023).
3.1 Bai toan bat dang thirc bién phan
3.1.1 M§ dau

Trong khong gian Euclid R”, xét tich trong (-,-) va chuén tuong tng || - ||. Gia st C
1a tAp con 161, déng, khac rong trong R” va F : C — R” 1a ham lién tuc. Ta xét bai todn

bét dang thiic bién phan VIP(C,F):
Tim x* € C sao cho (F(x*),y—x") >0, VyeC
va bai todn lién két v6i VIP(C, F) 1a bai toan bt dang thifc bién phan Minty MVIP(C, F):
Tim u € C sao cho (F(y),u—y) <0, Vy eC.

Tap nghiém cda hai bai toan VIP(C, F) va MVIP(C, F) dudc ky hiéu lan ludt 1a Sy;p
va Syvrp. Ta da biét rang Syvip C Syzp néu F 1a lién tuc trén C, va Sy;p C Syvip néu
F la gia don diéu trén C.

C6 réat nhiéu phuong phdp giai bai toan bit dang thiic bién phan va mot trong
nhiing phuong phap dong vai tro quan trong do la phuong phap dao ham tdng cuong
(hay con goi 1a phuong phap chiéu kép). Phuong phap nay dudc dé xuit bdi tic gia
G.M. Korpelevich trong [29] nhu sau

(

Pec,
V= Pe(x* = AF (1)),

A = Pe(xf = AF (1)),

\
trong d6 Pc 1a phép chiéu 1én C va A € (0, %) (L hé sb Lipschitz ctia 4nh xa F). Trong
[29], tic gi4 di chiing minh ring day {x*} sinh bdi thuét todn trén hoi tu t6i mot nghiém
clia bai toan VIP(C, F) véi gi thiét chinh vé tinh gi4 don diéu va Lipschitz clia 4nh xa
F trén C. D€ tim dugc day {x*}, ta phai thuc hién hai lan chiéu trén C, do dai budc A
phu thudc vao hé sb Lipschitz L. Néu hé s6 L nay 16n, thi d6 dai buéc A nho va xA1

rat gan x*, tdc 1a sau mbi budc lip, x*! khong cai tién dudc nhiéu so véi xX. Nhu vy,
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trong trudng hop nay va ca truong hdp khi anh xa gia F khong lién tuc Lipschitz hay
hé sb Lipschitz khong biét, khé udc lugng, thuit toan cua tic gia G.M. Korpelevich
sé kém hiéu qua khi dp dung truc tiép. P& khic phuc han ché nay, cic tic gia M.V.
Solodov va B.F. Svaiter trong [48] da dé xuét thudt toan sau:

Thuét toan Solodov-Svaiter. Chon x° € C va hai tham s6 y € (0,1) va 6 € (0,1). C6

¥k, tinh r(xF) = xk — Po(x* — F (x%)). Néu r(x*) = 0, thi diing thuat toan. Trai lai, tinh
Zk = xk - nkr(xk)v
trong d6 My = Y™, v6i my, 12 s6 nguyén khong Am nhé nhit m théa min

(F(x* = y"r(x), r(:")) = ol ()|

Tinh
xk+1 - PCﬂHk(xk)a

trong do

Hy={x e R" (F(),x—Z) <0}.

Cic tdc gia da chi ra trong [48] ring diy {x*} sinh bdi thuat todn trén hoi tu t6i mot
nghiém cda bai toan VIP(C, F) néu 4nh xa gid F 1a gid don diéu trén C va tip nghiém
Syrp # 0. Bude 1 cia thuat toan nay tinh r(x*) vé co ban cling giébng nhu budc 1 clia
thuit toan dao ham ting cudng la tinh y*. Diém khéac nhau chinh cta hai thuat toan la
trong thuét toan dao ham ting cudng, do dai buéc A phu thudc vao hé sd Lipschitz L
cua F, con thuat toan trong [48] do dai budc 7, tim dudc bﬁng cach thuc hi€n mot quy
tac tim kiém theo tia. Nhu vdy, uu diém clia thuit todn nay 1a khong can dén gia thiét
vé tinh Lipschitz clia 4nh xa gid F, nhung van c6 nhugc diém 1a cin dén tinh gid don
diéu ctia F trén C. Chinh vi viy, céc tac gid M.L. Ye va Y.R. He da dé xuit trong [58]
mot thudt toan chiéu thu hep két hop véi quy tac tim kiém theo tia nhu sau:

Thuat toan YH (xem trong [58])
Butdc khdi tao. Chon x° € C va cac tham s6 o,y € (0,1).

Budc ldp k (k=0,1,...). Cé x* ta thuc hién cac budc sau.
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Budc 1. Tinh r(x*) = xk — Pc(x* — F(x})). Néu r(x*) = 0 thi ding thuat

toan. Trai lai, thuc hién Buéc 2.

Budc 2. Tinh zF = x¥ — npr(x%), trong d6 mx = ¥, véi my 12 sé nguyén

khong 4m nhé nhit thdéa man:
(F (&) = F (" = y"r(3), r(x)) < o[l (x) 1.

; ch okl _p o (k
Bugc 3. Tinh x*"" = Py (x"),
trong d6 Hy := ﬁj.ngj v6i H;:= {v: (F(z/),v—z/) <0}, va quay

lai Budc ldp k v6i k duge thay boi k+ 1.

Cic tac gia M.L. Ye va Y.R. He da chi ra ring néu F 1 lién tuc va Syyrp # 0 thi
day {x*} sinh b&i thuat todn trén hdi tu t6i mot nghiém cia bai todn VIP(C, F). Mot
uu diém ctia phuong phap nay la ta dp dung dudc dé tim nghiém ctia bai toan bt dang
thiic bién phan khong don diéu. Pay ciing 12 cd s6 d€ md rong nghién ciu phucng phap
nay cho bai todn bai toan can bang khong don diéu trong khong gian Hilbert [13, 49].
Tuy nhién, tai mbi budc lip thd k+ 1 d€ tim x* !, ta cAn phai gidi bai todn toi uu ma tap
rang budc 12 giao clia tip rang budc thit k v6i ntia khong gian Hy. Diéu nay dan tdi chi
phi tinh todn 16n, dic biét khi sd chiéu khong gian ting 1én. Vay liéu c6 mot thuat toan
giai bai toan bat dang thiic bién phan khong don diéu ma khong dung phucng phap
chiéu thu hep nay hay khong? D€ tra 18i cho cau héi nay, ching t6i dé xuit stia d6i
Thuét toan Solodov-Svaiter sang mdt thudt toan méi giai VIP(C, F) va dap ung dudc
hai diéu kién trén. Dic biét, chiing tdi xét ca hai trudng hop khi F khong 13 Lipschitz,
do dai budc tim dudc bang cach thuc hién quy tic tim kiém theo tia, va trusng hop F
1a Lipschitz vé6i hé s6 L, dd dai budc dudc chi rd va phu thudce vao L.

3.1.2 Mot sb thuat toan chiéu kiéu thich nghi giai bai toan bat dang
thitc bién phan khong don diéu

Cho mdt diém cb dinh x € R” va mot s6 duong u. Anh xa phan du tu nhién r(x, i)

cta bai toan VIP(C, F) dudc dinh nghia nhu sau:

r(x,pu) :=x—Pc(x— uF(x)). (3.1)
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Khi u =1, ta ky hiéu r(x) = r(x, 1).

B§ dé 3.1.1. ([57)). Gid sit C C R" la mét tdp con 1i dong, khdc réng va r(x, ) dugc
dinh nghia nhu trong (3.1). Khi dé, x la nghiém ciia bai todn bdt ddng thitc bién phdn
VIP(C,F) khi va chi khi ||r(x,u)|| = 0 vdi u > 0 bt ky.

Bo dé 3.1.2. ([11]). Gid sit r(x, ) dugc dinh nghia nhu trong (3.1). Khi dé, véi x € R"
co dinh, ta co cdc tinh chdt sau:
(a) ham w v ||r(x, ) || la khong gidm véi moi > 0 bdt ky;

[r(x

(b) ham . — IR 14 knong tang voi moi > 0 bt k.

Chiing minh. Gid st o va 8 12 hai s6 théa man o > 8 > 0. Chiing ta can ching minh

cac bat dang thiic sau:

lx—Fe(x = BF(x))|| < |lx—Pe(x—aF (x))]
¥ —FPelx—aF ()| _ |x=Pelx=BFX))|
a - B '
That vay, dit xq = Pc(x — aF (x)) va xg = Pc(x— BF (x)). Do tinh chat ctia phép chiéu

nén ta co

0 < ||Pe(x— aF (x)) — Pe(x — BF (x))|
< (Po(x— aF (x)) — Fe(x — BF (x)),x — aF (x) — (x = BF (x)))
= (B — a)(Fc(x— aF (x)) — Fe(x — BF (x)), F (x))
Do a > B nén tu day ta suy ra
(Po(x—aF (x)) — Pc(x— BF(x)),F(x)) <O0. (3.2)
Mat khac, ta co
(x—Pc(x—BF(x)),Fc(x— aF (x)) — Pe(x — BF(x)))
= (x=PBF(x) = Fc(x—BF(x)),Pe(x — aF (x)) — Fe(x— BF (x)))

+B(F(x), Fe(x — aF (x)) — Fe(x— BF(x)))

< B(F(x), Fe(x — aF (x)) = Fc(x — BF (x)))
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<0

9

trong d6 bat dang thic th nhit 1 do tinh chét hinh chiéu va bit dang thic thi hai suy

tr (3.2). Nhu vay, ta c6

(x—Fc(x—BF(x)), Fc(x— oF (x)) — Pe(x — BF (x)))
= (x—xﬁ, (x—xﬁ) — (x—xq))

= Hx—xBHZ— (x—xg,x—xq) <0.

Tu do, ta co

e =20 1% < o —xp,x = xa) <l =g [[|x —xal]|.

Vi vy, ta c6 bat dang thifc cin chiing minh du tién Ia
[lx =g < [l —xall.

Bay gid ta tiép tuc chiing minh bat dang thiic con lai. Theo tinh chit hinh chiéu ta c6

<x—Xa;0‘F(x),xa _x,3> >0
<xl3 —x;BF(X)7xa _xﬁ> > 0.

Cong hai bit dang thifc nay vé6i nhau, ta c6

X—X X—X
0§< aa_ B‘B,Xa—.Xﬁ>

_ <x—xa _x_xﬁ,(x—xﬁ)—(x—xa)>

o B
_ (x —xq,x —xp) B lx —xp]|? B o —xg||? (X=X, X —xB)
o B o B
< o= all + 5 e =511 ) -(llx —xaell = [l —x)
< X — X 5 x—xg|| | -(|lx—xq x—xgl)),

trong d6 bt dang thiic thit hai suy tir (x —xq,x —xg) < [|x— x¢]|.||x —xg]|. Két hop véi

bit dang thiic vira chiing minh dugc 1a [|x — xg|| < ||x — x¢||, ta suy ra

a
~lx=xall+ glv =g 20,
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hay la
e —xall _ —p]
o« ~— B
]
Tit B& dé 3.1.2, ta nhan thiy v6i 1 > 0 cb dinh bat ky ta c6
min{1, u}|[r(x)[| < [[r(x, w)[| < max{1, u}|r(x)]. (3.3)

Bay gio, gia st ring C C R” 1a tip con 16i, déng va khic réng. Anh xa F : C — R”.
Chiing ti dé xuét mot cich gii bai todn bat dang thifc bién phan VIP(C, F) ma khong
stt dung phuong phép chiéu thu hep bing thut todn sau.

Thuat toan 3.1

Budc khdi tao. Chon x° € C va hai tham sé 1 € (0,1) vao € (0,1), k=0.
Buede Iip k(k=0,1,2,...). C6 x* ta thuc hién cac budc sau.
Budc 1. Tinh r(xF) = xk — Po(x¥ — F(x*)). Néu r(x¥) = 0, thi diing thuat
toan. Trai lai, thuc hién Budc 2.

Bude 2. Tim my 12 s6 nguyén duong nhd nhit m sao cho

(F(* =n"r(d)),r(x") = ol r(")]%. (3.4)

2 =x = (@),
vO1 1y, = Nk,
Budc 3. Tinh
M = P (), (3.5)

trong do

Ck — CﬂHtk,
t € argmax{d(x*,H;) : 0 < j <k},
Hi={xeR": (F(),x—7/) <0},

va quay veé Budc ldp k v6i k dudc thay béi k + 1.
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Nhan xét 3.1.3. Diém khdc nhau chii yéu gitta Thudt todn 3.1 va Thudt todn Solodov-
Svaiter nam trong Budc 3. Véi Thudt todn 3.1, xX* dwoc chiéu trén C N H,, trong do
H,, dugc chon tic tdp {H\,H,...,Hy} sao cho d(xk,Htk) = max{d(x*,H;): 0 < j < k}.
Trong khi dé, vdi thudt todn Solodov-Svaiter, x* dugc chiéu trén C N Hy. Pinh 1y dudi
ddy chi ra rang Thudt todn 3.1 khéng chi dp dung dwoc cho 1dp bai todn bdt ding thiic

bién phdn gid don diéu ma con duoc si dung cd trong truong hop khong don diéu.

Dinh ly 3.1.4. Gid su rang dnh xa F la lién tuc va tdp nghiém cia bai todn Minty
Syvip la khdc réng. Khi do, day {x*} sinh bdi Thudt todn 3.1 hoi tu t6i mot nghiém x*

cua bai todn VIP(C,F).

Chifng minh. DAu tién, ta chi ra ring quy tic tim kiém theo tia (3.4) 1a xdc dinh tot,

tiic 12 véi moi k (k=0,1,2,...) déu ton tai mot s6 nguyén duong mg sao cho
(F (& =n™0r(x), r(x)) > o|r(x) .

That vay, gia st ngudc lai rang véi moi sb nguyén duong m, ta c6
(F(*=n"r(x)),r(d")) < o r(d")|. (3.6)

Vin € (0,1) nén ta c6 x* — n"r(x*) — x*¥ khi m — oo. Cho m — oo trong (3.6) va sit

dung tinh lién tuc cta anh xa F, ta nhan dugc
(F(x"),r(d")) < ollr()|2.
Mit khéc, vi o € (0,1) va r(x*) # 0 nén
(F (), r(x)) < [Ir()I12.
Diéu nay nghia la
(K — F (o) = Pe(xF — F(X%)), 2% — Pe(x* — F(X%))) > 0.

Bt dang thiic nay mau thudn véi tinh chét (ii) cia Ménh dé 1.1.20. Do d6, quy tic tim
kiém theo tia 12 xac dinh tot.

Chung t6i chia phan chiing minh con lai ctia dinh 1y thanh ba budc nhu sau.
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Budc 1. Véibatky p € (N7 oH;)NC cb dinh, ton tai limy_,.. |[x* — p|| va
lim d(x*, Hy) = lim d(x*, H, ) = 0.

k—yo0 k—>o00

That vay, vi Syvp # 0 nén lay u € Syyrp vata co
(F(y),u—y) <0, VyeC.
Thay y = z* € C vao bat dang thic trén, ta c6
(F(5),u—z75) <0, Vk.

bicu nay nghia la u € (N7_oH;) NC.
Tur do, ta co

Suvip C (ﬁ;-o:on) NC.

RO rang ring p € H, NC, tic 1a p € Ci. Vi vay, P, (p) = p. St dung (3.5) va tinh chét

khong gidn ctia phép chiéu, ta nhan dudc

1 k k
I = pll = [[Pe, (") = Pe(p)] < [Ix* = p].

Do d6 limy_s., ||x¥ — p|| ton tai. Vi vdy, ddy {x*} 1a day bi chiin. Két hop véi tinh lién
tuc clia d4nh xa gia F, ta suy ra rang hai day {Pc(x* — F(x*))},{z*} ciing bi chin.

Vi X1 =P, (x*) va p € C, nén tacé
d*(x,Cy) = || =P < [l = pl? — = 2. 3.7
Mat khac, st dung dinh nghia cua #;, va Gy, ta c6
0 < d*(xF Hy) < d*(F H,) < d* (45, Cp). (3.8)
Tir (3.7), (3.8) va limy_,.. ||x* — p|| ton tai, ta nhan dugc
lim d(x*, H) = lim d(x*,H,) = 0. (3.9)

Budc 2. Day {x*} hoi ty t6i mot di€m x* € (NF_oH;) NC.

That vay, gia st rang x* 12 mot diém tu cta {x*}. Khi d6, ton tai mot diy con {x¥} cla
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day {x*} sao cho limy_,., xK = x*.

Tu dinh nghia cuia 7, ta co
0 <d(x* H;) <d(x*,H,), vé6imdi i=0,1,..,k.

Két hop v6i limy e d (x¥, H;, ) = 0, ta c6 limy_eod (x*, H;) = 0 v6i bAtky i > 0 cb dinh.
Vi vay,
lim d(x", H;) = 0.

[—o0

Dit yk := Py, (x*1). Khi d6, ta c6
lim [|x¥ — ¥ || = 0.
[—o0

Két hop véi im0 Xk = x* ta suy ra rang lim;_,., YR = x*,

Vi {y¥} C H; va H; 1a déng nén ta suy ra x* € H;NC . Vi vay,
x" € (NToH;) NC.
Tit Budc 1 trong ching minh ny, ta c6 limy_,.. |x¥ — x*|| ton tai. Vi vy,
Jim |3 — x| = lim [ —x*]| = 0.

Do d6, day {x*} hoi tu t6i x* € (N7 H,) NC.
Budc 3. x* trong Budc 2 ciia chiing minh nay la mdt nghiém ctia bai toan VIP(C, F).

That vay, theo (3.9), ta c6

0= lim d(xk,Hk) — lim <F(Zk),xk—zk>

3.10
s ] G0

Bdi vi {ZF} 1a ddy bi chin va dnh xa F 1a lién tuc nén ton tai mot s6 M > 0 sao cho

|F(Z6)|| < M véi Vk. Két hop diéu nay véi (3.4), ta c6

(F()2— 2 mudFE),r09) o molr) | meolr(ed)|?
FOT — FE = F@ = m =% GID

Tu (3.10) va (3.11), ta nhan dugc

lim 1 ||r(x)||*> = 0. (3.12)
k—yoo
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Bay gio ta xét hai truong hdp sau.
Truong hop 1. limsup;_,,, N > 0.

Khi d6 ton tai ) > 0 va mdt ddy con {1y, } C {nx} sao cho 1y, > 7, Vi. T (3.12), ta

co
lim || -(x%) || =0,
arv
hay 12
lim [[" — Pe (" — F (")) = 0. (3.13)

Vi lim; e x = x* va Pc va F 1 lién tuc nén cho i — oo trong (3.13) ta nhan dudc
[x* = Pe(x" = F(x"))|| = 0.

Vi vay, x* € Syzp.
Truong hop 2. limy_,. N = 0.
Ap dung tinh chit (ii) Ménh dé 1.1.20, ta c6

—(F (), r(6)) + ()1 = (= F () +r(),r(x)

= (= F (&) = Pe(x* = F(¥")) ,&* — Pe(x* — F (")) <0.

Tu do, ta suy ra
(F (), r() = (1) 1% (3.14)
Miit khéc, theo quy tac tim kiém theo tia (3.4), v6i my — 1, ta c6

(F (" ="t ()), r(xh) < olr()|1. (3.15)

Chi y ring x* — x*,n™~1 = 0,r(x*) — r(x*) khi k — co. Do d6, cho k — oo trong

(3.14) va (3.15), ta nhan dugc
Ir() P < (F (), r(x*) < oflr()]1

Vi vay, (F(x*),r(x")) = 0 va r(x*) = 0. Tu d9, ta suy ra x* 1a mot nghiém cta bai toan

VIP(C, F). O]
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V6i mbi > 0, bai todn bét dang thiic bién phan VIP(C, F) tuong duong véi bai
todn sau

(UF(x),y—x) >0, Vy € C.
Bing céch dit r(x, ) = x — Po(x — uF (x)), chiing to6i d& xut thuat toan sau.
Thuat toan 3.2
Budc khdi tao. Chon x € C vabén tham sé 1 >0, 7,6 € (0,1),0 > 1.
Bude lip k (k=0,2,...). C6 x* ta thuc hién cédc budc sau:
Budc 1. Tinh r(x*, y) = x* — Po(xF — i F (%K), trong d6 wy := min{0n;_1, 1}.
Néu r(x*, u;) = 0 thi diing thuat toan. Trai lai, thuc hién Budc 2.

Bude 2. Tim my 12 s6 nguyén duong nhd nhit m sao cho
c
(F =y ) ) > S )P G0

Dt my := 7.y va 2F = xF — (8K, ).
Budc 3. Tinh
= P (), (3.17)

trong do

Cc=CNHy;
t € argmax{d(x*,H;): 0 < j < k};
Hi={xeR": (F(z/),x—7/} <0},
va quay lai Budc ldp k v6i k dugc thay béi k+ 1.

DPinh ly sau cho ta su hoi tu cua Thuéat toan 3.2.

Pinh ly 3.1.5. Gid sit dnh xa gid F la lién tuc va tdp nghiém ciia bai todn bdt ddng
thikc bién phdan Minty Syy1p la khdc rong. Khi do, day {x*} sinh béi Thudt todn 3.2 héi

tu tdi mdt nghiém cuia bai todn VIP(C, F).



72

Chitng minh. PAu tién, ta ching minh bat dang thic sau
1
<F(xk)7r<xkhuk)> > EHT(XIC,‘LL]{)HZ

That vay, st dung tinh chét (ii) Ménh dé 1.1.20, ta c6

(e, i) 1> = e (F (), (6%, )y

= (r(od*, ) — F (), (6, )

= (* — e F (x*) — Po(x* — e (%)), x* — Po(x* — e (+4)))
<0.

St dung bit dang thic nay va cach chiing minh tuong tu nhu chiing minh cta Pinh 1y
3.1.4, ta c6 thé suy ra quy tic tim kiém theo tia (3.16) 1a x4c dinh tét.

Hon thé nita, ta ¢6

(F(29),2 =25 _ m(F (&), r(d ) _ meollr(, m)|1*  mollr(x)|1>

IFEI IF @ Tl FE T Mo

trong d6 bét dang thiic cudi ciing suy tir (3.3) va tinh chat m; = Y™ < Wy, w < 1.
Thay vi stt dung (3.11), ta 4p dung bét dang thic trén va cich ching minh tuong tu

nhu trong chiing minh ctia Pinh 1y 3.1.4, ta nhan dudc két luan cta dinh 1y nay. ]

Mot uu diém ctia Thuat toan 3.1 va Thuét toan 3.2 1a c6 thé 4p dung dudc cho bai
toan bat dang thiic bién phan ma 4nh xa gid F 1a khong don diéu va khong thdéa man
diéu kién Lipschitz. Tuy nhién, trong Budc 2 clia cac thuat todn nay, chiing ta phai thuc
hién quy tac tim kiém theo tia d€ xac dinh do dai budc. Piéu nay din dén chi phi tinh
toan 16n, dic biét khi sd chiéu n 16n va F c6 cu tric phic tap. Vi vay, chiing tdi dé
xuat mot thuit todn ma quy tac tim kiém theo tia nay c6 thé loai bd dudc néu anh xa
gia F thda man diéu kién Lipschitz nhu sau.

Thuat toan 3.3
Budc khdi tao. Chon x° € C va céc tham sb o € (0,1),0 <A < 129,

Buéc Iip k (k=0,1,...). C6 x* ta thuc hién cac budc sau.
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Budc 1. Tinh r(x*) = xk — Pc(x* — F(x})). Néu r(x*) = 0 thi ding thuat
toan. Trai lai, thuc hién Buéc 2.
Budc 2. Tinh
F=xF—Ar(xY),
A= pe (45, (3.18)
trong do,
Ci=CNH,,
t, € argmax{d(x*,H;) : 0 < j <k},
Hi={xeR": (F(z/),x—7/) <0},
va quay lai Budc ldp k v6i k dugc thay béi k + 1.

Bay gid, chiing ta di dén dinh ly sau dy vé su hdi tu ciia Thuat toan 3.3.

Dinh ly 3.1.6. Gid sit F la lién tuc Lipschitz véi hé sé L trén C va tdp nghiém Syyip
cia bai todn MVIP(C, F) la khdc rong. Khi do, day {x*} sinh bdi Thudt todn 3.3 héi

tu tdi mot nghiém cua bai todn VIP(C, F).

Chiing minh. Ta cé
(F (%), (o)) > [lr(x") )| (3.19)

Vi F 1a lién tuc Lipschitz v6i hé s6 Lva 0 < A < “TG nén ta co

(F (&) = F(2"),r(x)) <|[F (&) = F()[[Ir M)
< LI =2l ()]
= LA||r(x)|?
< (1=0)|Ir()],
hay 1a
(F(Z) = F (&), r(d)) > (o = 1)[Ir(")]1%. (3.20)

Cong (3.19) va (3.20), ta nhan dugc

(F(&),r()) > olr(")[I*.
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St dung bét dang thifc trén va tinh lién tuc clia 4nh xa gia F, ta thu dudc

(F(25),x =25  AF(E),r(h)  Aar(h)|?
IF (9]l IFEI - M
Ta thuc hién phan con lai ctia chiing minh tuong tu nhu cach ching minh cta Dinh 1y

3.1.4 va thu dugc két luan cda dinh 1y nay. H

Nhan xét 3.1.7. Khi dp dung Thudt todn 3.3 dé gidi cdc bai todn bdt ddng thitc bién
phdn khéng don diéu va théa man diéu kién Lipschitz, chiing ta khong cdn thuc hién
qud trinh tim kiém theo tia nhu trong cdc thudt todn dugc dé xudt trong [13, 49, 58] va
trong Thudt todn 3.1 va 3.2. Trong phdn vi du minh hoa, chiing t6i sé chi ra rdng thudt
todn nay hitu hiéu hon cdc thudt todn con lai, ddc biét khi chi phi tinh todn F lon va

hang sé Lipschitz L cia F la nhd.

3.1.3 Cac vi du minh hoa

Trong phan nay, ching toi xét mot sd vi du minh hoa cho su hoi tu ctia cdc Thuat
toan 3.1, 3.2 va 3.3 va so sanh ching véi cac thuit toan giai bai todn bat dang thiic bién
phan VIP(C, F), trong d6 F la khong don diéu va C 1a da dién, cia nhom céc tac gia
M. L. Ye va Y. R. He (ky hiéu la Thuat toan YH) trong [58] va nhém cac tac gia B. V.
Dinh, D. S. Kim (ky hiéu la thuét toan VD) trong [13] (cling nhu ctia nhom tac gia J. J.
Strodiot va cic cong su trong [49]). Thuat todn YH da dudc ching tdi nhic lai ¢ muc
trude. Sau ddy, ching toi xin nhac lai thudt toan VD.
Thuat toan VD. (xem trong [13, 49])

Budc khdi tao. Chon x° € C va hai tham s 1 € (0,1) vac > 0.
Budc lip k(k=0,1,2,...). C6 x* ta thuc hién cic budc sau:

Budc 1. Tinh r(x*) = xk — Po(x¥ — F(x})). Néu r(x*) = 0 thi ding thuat

toan. Trai lai, thuc hién Budc 2.

Butéc 2. Tim my, 1a s6 nguyén duong nhd nhét m sao cho

(F(x* =n"r(x)),r(x)) = el r(")]1%. (3.21)
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Budc 3. Dit g := 0", 7% .= x¥ — qur(x¥). Xdc dinh
Hy={xeR": (F(Z"),x—7) <0}

Ce =N (CNH,).

Budc 4. Tinh x**1 = P (x) va quay lai Budc lip k v6i k duge thay bdi
k+1.

Dau tién, chiing t6i mo ta cach tinh x**! trong médi thut toan. Vi C la da dién nén
Cr = CNH,, van 1a da dién, nén ta c6 thé tinh x*™! trong Thut toan 3.1, 3.2 va 3.3 nhu
sau. Gia st ring C = {x € R" : Ax < b}, trong d6 A € R"™ " 1a ma tran thuc cd m x n
va b € R" la mdt vec to.

Tai Budc lap k, ta co
Hi={xeR":F(Z)'x<F()/},j=0,1,..,k.
DEé tinh #;, ta phai tinh

ET - gy F(2)T (1 —2T) > 0
d(x*,Hj) = min{||x* —y|| : y € H;} = TFED

0 néu F(z/)T (xk - 2/) <0.
Vit € argmax{d(x*,H;):0< j<k}néntacé H, = {x e R": F(Z%)Tx < F(z)T 7}

Bing cach dit
A b
Ap = b =
F(Ztk)T F(Ztk)TZtk
ta nhan dudc Gy = CNH, = {x e R" : Apx < by }.
Do d6, tai Budc lip k, d€ tinh x**! trong Thuat toan 3.1, 3.2 va 3.3, ta phai giai bai

toan tdi uu sau biang cong cu Matlab:
- J1 7 kT
argmin Ey y—x y:y€Cy,.

Tuong tu, dé tinh x**! trong Thuat toan YH va Thuit toan VD, ta thuc hién nhu

sau. Pit A | :=A,b_ | :=b,Ch:=C={xcR":A_1x < b_1}. Tai Budc lip k, c6
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Cr,= {x e R” IAkflx < kal}, dat

A | - by
s Uk
F(Zk)T F(Zk)TZk

Vivay G, =Cn (ﬂ’j‘-ZOHj) = {x € R": Atx < bt }. Khi do, ta gidi bai todn t6i uu sau
bing cong cu Matlab
argmin{%yTy —kay :y€Cy}

dé€ nhan dugc x*T!. Ching t6i mubn nhin manh ring A, 12 ma tran cd (m+ 1) x n,
khong phu thudc vao k. Trong khi d6, c& clia ma tran Ay 1a (m + k) x n, phu thudc vao
s6 budc lip k.

Chiing t6i tién hanh tinh todn cho tit ci cic thuit todn bang ngdn ngit 1ap trinh
Matlab R2015 va thuc hién trén Laptop ASUS AMD Ryzen véi cau hinh R3-3200U,
2.60 Ghz, Ram 4.00 GB.

Vi du 3.1.8. Ching ta xét bai toan sau (tham khao Exercise 4.7 trong [8]).

~ folx)
cex+d’

min{g(x) x€C}, (OP)

trong d6 C = {x € R": f;(x) <0,i=1,...,m,Ax = b}, fo,f1,-.., fu 12 cdc ham 16i xac
dinh trén R”, A 1a ma trdn c¢& m x n, b € R™. Ta c6 thé thiy ring (OP) 1a bai todn tbi
vu tya 16i. Trong vi du nay, ta chon

5
C={x=(x1,x2,....x5)" € R>:x;>0,i= 1,...,5,2)6,‘ =a,(a>0)}
i=1

%xTHx—}—qTx—}—r

g(x)=2——=———,trongd6 H =hl véi[lamatrandon vicd 5 x5 vah € (0.1,1.6),

Y X

i=1
g=(—1,...,—1)T r=1. Nhan thiy ring g 12 ham tua 1di va tron va dat gid tri nhd nhét
trén C.

S 1 2 2
hx; _Z Xj—> ‘Z xj—l

Ky hiéu F(x) = (Fi(x),...,F5(x))7, trong d6 F(x) = ——"—<—"1"— (i=1,..,5) 1a

('lej)2
iz
dao ham riéng theo bién thi i cia ham g(x). Khi d6, F 1a tya don diéu trén C va bai

toan (OP) dan dén bai toan VIP(C, F).

Ta ki€m tra dudc rang Syyp = {(%a, - %a)T} (xem [58]). Bang tinh todn truc tiép, ta
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nhan dugc L = \/ 5 a4h2+2a2h(02§2)+5(‘l2+2>2. LAy i = 1.2. Ta tién hanh tinh toan Thuat
toan YH v6i tham sb ¢ = 0.4, Thuat toan 3.1 v6i tham sb o = 0.4, Thuit toan 3.2 véi
tham s6 ¢ = 0.4,0 = a,n_; = 0.1 va Thuét todn 3.3 véi tham s6 6 = 0.01,A = I*TG.
Céac tham s6 con lai va diém xuét phit dugc dua ra nhu trong Bang 3.1. Mot s diém
xuét phat duge chon 1a p = (0,0,0,0,5)7,¢ = (5,0,0,0,5)",r = (1,2,3,3,1)7. D& két
thiic c4c thuit todn, ching tdi sit dung tiéu chuin diing Err = ||r(x)|| < 1074, Cé4c két

qua dudc trinh bay trong Bang 3.1 va Hinh 3.1.

o TT. YH TT. 3.1 TT. 3.2 TT.3.3

Y | CPU(s) | Iter. n CPU(s) | Iter. Y | CPU(s) | Iter. o | CPU(s) | Iter.
p| 5109 | 098 35 1099 | 0.95 35 | 0.99 1.18 35 | 0.01 0.72 25
pl - | 08 2.11 56 | 0.8 1.77 56 | 0.8 1.36 46 | 0.2 1.11 31
pl - | 06 1.92 81 | 0.6 2.02 81 | 0.6 1.64 59 | 04 1.20 39
pl| - | 04 3.39 155 ] 04 4.02 155 ] 04 1.84 76 | 0.6 1.69 61
q | 10 | 0.99 1.78 70 | 0.99 1.72 70 | 0.99 1.78 70 | 0.01 2.67 94
r|o- - 1.64 57 - 1.50 57 - 1.45 57 - 2.20 89

Bang 3.1: Két qué tinh todn cho Vi du 3.1.8

Vi du 3.1.9. Trong vi du nay, ching tdi xét bai toan VIP(C,F), trong d6 C = [—1,1]"
va F(x) = (Fi (x),Fa(x), ..., Fy (x))T = (x3,...,x2)T. Ching t6i kiém tra dugc ring anh
xa nay khong gia don diéu trén C. That vay, véi = (0,0,...,0)T vay = (—1,0,...,0)7
thi (F(%),7—%) =0 va (F(3),7 — %) = —1 < 0. Mt khic, Syyip = {(—1,...,—1)T}
(xem [58]). Hon nita, F thoa man diéu kién Lipschitz trén C véi L = 2+/n. That vay,
tacd |[VFi||? = ||(2x1,0,...,0)||> = 4x <4, ..., [[VE,]|* = (0,0, ...,2x,) |* = 4x2 < 4.
Do d6, [|F(x) = F(y)|| < VAn|x—y|,Vx,y € C.

Chung t6i tién hanh tinh todn Thuat todn YH vdi cac tham s6 ¢ = 0.4, Y= 0.99, Thuat
toan 3.1 v6i tham s6 ¢ = 0.4, n = 0.99, Thuat toan 3.2 v6i tham s6 ¢ = 0.4, ¥ = 0.99,
6 = 10, n_1 = 0.8 va Thuat toan 3.3 véi tham s6 0 = 107*, A = 122. Diém xut phat
lax0 = (—3,...,—3)7. D& két thic thuat todn, ching t6i sif dung tiéu chuén ding 1a
Err = ||r(x¥)|| < 107*. Céc két qua tinh todn dugc trinh bay trong Bang 3.2 va Hinh
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3.2.
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Hinh 3.1: S6 budc lip trong Vi du 3.1.8
TT. YH TT. 3.1 TT. 3.2 TT. 3.3
n
CPU(s) | Iter. | CPU(s) | Iter. | CPU(s) | Iter. | CPU(s) | Iter.
50 0.47 6 0.44 6 0.44 6 6.67 103
100 0.47 6 0.42 6 0.43 6 16.87 | 103
200 0.94 6 0.78 6 0.82 6 177.84 | 241
500 1.36 6 1.18 6 1.20 6 34992 | 277
1000 | 2.14 6 2.06 6 1.93 6 | 1953.46 | 445

Bang 3.2: Két qua tinh todn cho Vi du 3.1.9
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Hinh 3.2: S6 budc 1dp trong Vi du 3.1.9 (n = 1000,x° = (—1,...,—1)T)

Vi du 3.1.10. Trong vi du nay, ching t6i xét bai toan VIP(C,F) véi C = [0,1]" va

F(x) = Mx+d, trong d6 M 1a ma tran cip n x n nhu sau

4 -2
1 4 -2
M= 1 4 -2 :

1 4

vad=(—1,...,—1)T (xem [2], [50], [58]). Chiing t6i tién hanh tinh toan Thuat to4n

YH véi tham s6 6 = 0.3,y = % Thuat toan 3.1.8 v6i tham sb 6 = 0.3, 1 = 2, Thuét
n n

todn 3.2 v6i tham s 6 = 0.3,y = min{\/iﬁ,o.98}, 0 =n,m_; = 0.5 va Thuit toan 3.3

v6i tham s6 0 = 0.01,A = 152, Di€m xuét phdt x° = (0,0, ...,0)”. Anh xa F thda man

diéu kién Lipschitz trén C v6i hé s6 L = /21n — 5. D€ két thuc thuat todn, ching toi st

dung tiéu chuin diing 12 Err = ||r(x)|| < 1074, C4c két qua tinh todn dudc trinh bay

trong Bang 3.3 va Hinh 3.3.

Vi du 3.1.11. Trong vi du cudi cling ctia phan nay, ching tdi xét bai toan VIP(C,F)
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TT. YH TT. 3.1 TT. 3.2 TT. 3.3
CPU(s) | Iter. | CPU(s) | Iter. | CPU(s) | Iter. | CPU(s) | Iter.
5 1.39 56 0.50 15 0.73 22 1.12 49
20 14.18 285 1.09 36 3.39 78 13.31 275
50 84.23 694 5.64 | 159 | 1476 | 222 | 66.85 | 609
80 254.0 711 3.14 75 | 78.67 | 578 | 190.64 | 394
100 | 1274.12 | 1192 | 3.30 92 | 68521 | 925 | 1181.35 | 1236
200 | 14947.51 | 3832 | 28.80 | 194 | 2579.57 | 1330 | 5485.89 | 2351

Bang 3.3: Két qua tinh toan cho Vi du 3.1.10

log oIl

0 200 400 600 800 1000 1200 1400
Number of lter.

Hinh 3.3: S6 budc 1dp trong Vi du 3.1.10 (n = 100)

v6i C = [—2F, 2Z)" va F(x) = (cos*L,cos 22, ... cos 22 )T

Vi £ = (2 2 )T A = (2 )T ki (F(D),5 ) = 5 > 0
va (F(y),y—x) = — (‘?2_\2"” < 0. Do d6, F 1a khong tya don diéu trén C. Hon thé niia,
ta co

X Viv2
|IF(x)—F(y)| = \/Z?zl(cos;l —cos;l)
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Vi vay, F théa man diéu kién Lipschitz trén C v6i hiang s6 L = rl; Chung t6i kiém tra
dudc ring
Svip = {(x1,x2,...x0)T 1 € { =25 va Syvip = {(— 2, 2%, .., -}

Chung t6i tién hanh tinh toan Thuat todan YH véi tham s ¢ = 0.3,y = 0.98, Thuat
toan VD vé6i tham s6 ¢ = 0.1,1 = 0.99, Thuit toan 3.1 v6i tham s6 o = 0.3,11 = 0.95,
Thuit toan 3.2 v6i tham s6 6 = 0.3,7=0.99,0 = n,n_; = 0.5 va Thuat toan 3.3 véi
tham s6 ¢ = 0.01,A = U=} Piém xuét phat [a x0 = (—2% _nx _nx  _#m)T pg
két thiic thuat toan, chiing tdi st dung tiéu chudn ding 1a Err = ||r(x¥)|| < 107*. Cac

két qua tinh todn dudc trinh bay trong Bang 3.4 va Hinh 3.4.

log o Ir(x")]|

_5 1 1 1 1 1
0 200 400 600 800 1000 1200

Number of lter.

Hinh 3.4: S6 budc lap trong Vi du 3.1.11 (n = 100)
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TT. YH TT. VD TT. 3.1
" CPU(s) Iter. CPU(s) Iter. CPU(s) Iter.
10 3.52 93 2.63 92 2.90 108
20 7.56 200 7.00 196 6.12 222
50 53.59 462 59.97 457 20.51 565
100 | 741.79 1034 647.51 957 53.90 1093
150 | 1908.06 1389 1998.81 1365 268.89 1760
200 | 4961.718 1906 5049.12 1830 389.00 2318
TT. 3.2 TT. 3.3
" CPU(s) Iter. CPU(s) Iter.
10 2.95 92 0.98 29
20 7.53 196 1.43 42
50 | 53.32 457 4.54 70
100 | 651.84 957 11.95 96
150 | 1992.23 1365 45.43 125
200 | 5034.85 1830 79.65 143

Bang 3.4: Két qua tinh toan cho Vi du 3.1.11
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3.2 Bai toan can bang
3.2.1 Mé dau

Gia st Q 12 mot tap con 16i md trong R” va chita mot tap 16i dong khac rong C,
v f: Q x Q — R 12 song ham thdéa min f(x,x) = 0 v6i moi x € C. Chiing t6i bit dau
phan nay bang viéc nhac lai mot thuét toan chiéu (ky hiéu 1a Thuat toan SVN) gii bai
toan can bang khong don diéu dudc dé xuét bdi nhém tic gia J. Strodiot trong [49]
(cling nhu cua cac tac gia B.V. Dinh va D.S. Kim trong [13]).
Thuat toan SVN.

Budc khdi tao. Lay x° € C, chon cic tham s6 ) € (0,1),p > 0.
Budc ldp k (k=0,1,2,...). C6 x* ta thuc hién cic budc sau:

Budc 1. Tinh
k : k 1 k12
= argmin{f(4,y) + |y Py e .

Néu y* = x*, thi ditng thut todn va x* 12 mot nghiém ctia bai toan EP(C, f).

Tréi lai, chuyén sang Budc 2.

Buéc 2. St dung mot trong hai quy tic tim kiém theo tia sau:
Quy tic tim kiém theo tia 1: Tim m; 12 s6 nguyén ducng nhd nhét m sao
cho
A= (1t
F@m o) = f (@) = Sl =%
bat n, = n'*, 7 = b,
Quy tac tim kiém theo tia 2: Tim my 12 sb nguyén duong nhd nhit m sao
cho
&= (1—n") "y
S o) = F@m 59+ F ) = =Sl =A%

Dit ng = n™, 75 = Fm
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Budc 3. Chon

Tinh
A= pe (45, (3.22)

trong do

Cr= ﬂ;{:O[CﬂH,'],
va quay vé Budc ldp k v6i k dudc thay bdi k + 1.

Céc tac gia trong [49] da chi ra rang v6i gia thiét vé tinh 16i va tinh lién tuc cia song
ham £, tinh khac rdng ctia tip nghiém bai toan Minty Sy, ddy {x*} sinh bdi Thuat todn
SVN hdi tu t6i mot nghiém ctia bai toan can bing EP(C, f). Uu di€ém cta thuat todn
nay la gitp tim nghiém ctda bai todn cin bang ma khong cin dén gia thiét vé tinh lién
tuc ctia song ham f. Tuy nhién, ciing nhu trong trudng hop bt dang thiic bién phan &
muc trudc, tai moi budc 1dp, ta phai giai mot bai todn tbi uu trén tip rang buoc 1a giao
ctia tap rang budc & budc trudc va mot siéu phang (chinh 1a thuc hién phép chiéu thu
hep). Piéu nay din dén chi phi tinh todn 16n, diic biét khi s chiéu khong gian ting 1én.
Thém vio d6, trong thuit toan SVN, cic tic gia st dung quy tic tim kiém theo tia dé
tim do dai budc. Tuy nhién, trong trudng hop khi song ham f théa man diéu kién kié€u
Lipschitz hay f c6 céu tric phic tap, thi viéc thuc hién quy tic tim kiém theo tia gip
kho khin ciing nhu chi phi tinh toan 16n. Do d6 chiing ta khé c6 thé 4p dung dugc thuat
toan SVN trong nhiing trudng hop nay. Chinh vi viy, chiing tdi dé xut sira d6i Thuat
toan SVN thanh mot thuét toan méi giai EP(C, f) ma khong can st dung phép chiéu
thu hep ciing nhu gi thiét vé tinh don diéu cta f trong ba trudng hop: f khong thoa
man diéu kién kiéu Lipschitz, f théa man diéu kién kiéu Lipschitz va hé sd Lipschitz

u6c luong dugc hodac khong ude lugng dudc.
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3.2.2 Mot sb thuét toan chiéu kiéu thich nghi giai bai toan cin bing
khong don diéu
Trong phan nay, chiing tdi gia thiét £ : Q x Q — R 12 mot song ham can bing théa

man céc diéu kién sau:

(%)) f(x,.)1a1di va kha dudi vi phan trén C véi moi x € C;

(%) f(-,-)lalién tuc trén Q x Q;

(%3) f(-,-) thda man diéu kién ki€u Lipschitz trén C v6i hé sb ¢, cp > 0, tic 1a

f(x7y) +f(yaz) > f(x,Z) —Cl||x—y||2—02||y—z||2, VX,y,z eC.

P& chitng minh dinh ly hi tu ctia cdc thuat todn, ching toi cAn cac bd dé sau.

B& dé 3.2.1. ([31, Proposition 2.11). Gid sit rang G la mdt ham khd vi lién tuc va 16i
manh trén C véi hé sé © > 0. Khi do, véi gid thiét (%) va ($,), mot diém x* € C la
nghiém cua bai todn EP(C, f) khi va chi khi né la nghiém cua bai todn sau:

Timx* € C: f(x*,y)+G() — G(x*) — (VG(x*),y—x*) >0 VyeC.

B& dé 3.2.2. ([45, Theorem 24.5]). Gid sit rdng g la mot ham 16i trén R", va c6 gid
tri hitu han trén tdp 16i mé Q. Gid sit {gi} la dday ham 16i hitu han trén Q sao cho
limy oo gi(x) = g(x), Vx € Q. Néu x € Q va ddy {x*} C Q sao cho limy_,e. x* = x thi

Vvdi bdt ky sé € > 0, ton tai mot s6 ko sao cho
dg(*) C dg(x) +€B, Wk > ko,
trong do B la hinh cdu don vi dong trong R".

B& dé 3.2.3. Gid si rang G la ham khd vi lién tuc va 16i manh trén C vdi hé s6 T > 0
va song ham cdn bing f théa man cdc gid thiét (%)) va (%,). Néu {x*} C C la day bi

chén, p >0, {pc} C (0,p] va {y*} la day théa man
¥ = argmin{f(,y) + é{c@) C GO — (VG()y— M) sy e C)

thi {y*} la bi chen.
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Chitng minh. Chting minh ctia bd dé nay c6 nhiéu diém gidng véi chiing minh BS dé

2.6 trong [13]. PAu tién, ta chi ra ring néu day {x*} hoi tu téi x* thi day {y*} 12 bi chin.

That vay, vi

= argmin { £(4-.) + —-[G(y) = Gl = (VG().y =)y €,
nén ta co
F8.51) + 1G5 = G = (VG =)
< )+ G0 = G~ (VO() 4 =)
hay 12,

£k 3 +H[GOH) — G — (VG(H). 0 =) <.

Pr
Ap dung tinh chit 16i manh ctia G, ta c6

G(Y) = G(x") = (VG(x"),y =) > 7|y* —x*|*.
Két hop (3.23) va (3.24), ta thu dudc
T
FEEY) + = =27 <o.
Pr
Hon nita, v6i moi X € 95 f(x*, xK), ta cé
SO = (Y =) = — &MY — ).
Tit (3.25) va (3.26), ta c6
ki k K Tk k2
—[I&5lly* —x ||+p—k||y —x'|” <0,

hay la
k_ ki< PRygk < Pgky
I -4 < 2 < 2k

(3.23)

(3.24)

(3.25)

(3.26)

Bdi vi diy {x*} hoi tu t6i x* va EF € o, f(x*, %K), nén dp dung B& dé 3.2.2 trong d6
i) := f(x*,y), thi ta c6 day {£¥} 1a bi chian. Két hop véi tinh bi chiin ctia day {x*},

ta suy ra rang day {y*} ciing bi chin.
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Bay gio, ta di chiing minh bs dé nay. Gia st ngudc lai, ddy {y*} 12 khong bi chiin, tic
13 ton tai mot day con {y5} C {y*} sao cho lim; ... ||[y¥i|| = +c0. Do {x*} 1a ddy bi chiin
nén theo Pinh ly Bolzano-Weierstrass, ton tai mot day con hoi tu ctia diy {xk }. Khong
mAt tdng quat, ta gia st rang dy con {x*} hdi tu téi x* nao d6. Lap luan tuong tu nhu
trén, ta suy ra day con {y*} 1 bi chin. Diéu nay méu thuin véi diéu gia si. Vi vy, diy

{y*} 1a bi chin. O

Bay gid, ching toi xét bai toan EP(C, f) trong d6, C 1a mot tap 16i déng khac réng
dudgc chia trong mot tip 16i mé Q@ C R” va f: Q x Q — R 1a song ham can bang. Gia
st G 1a ham kha vi lién tuc va 16i manh trén C véi hé s6 T > 0.

Thuat toan 3.4
Budc khdi tao. Lay x¥ € C, chon cdc tham sé i, u € (0,1),p > 0 va dit Cy = C.
Budc lip k (k=0,1,2,...). C6 x* ta thyc hién cac budc sau:

Budc 1. Tinh

, |
= argmin {f(4,5) + 7 [60) = ) ~ (VG().y— )] sy e €.

Néu f(xk,y%) + I%[G(yk) — G(x*) — (VG(x*),y* — x5)] > 0, thi dung thuat
toan va x* 1a mot nghiém ctia bai toan EP(C, f). Trai lai, thuc hién Budc 2.
Buée 2. Thuc hién mot trong hai quy tac tim kiém theo tia sau:

Quy tac tim kiém theo tia 1: Tim my 13 s6 nguyén duong nho nhat m sao

cho
Zk,m — (1 . nm)xk + nmyk

FEEm xR = f(m ) = EIG(F) — G(x*) — (VG(xh), y* — x¥)].

(3.27)

o=

bit ny = 0", 2F =2

Quy tac tim kiém theo tia 2: Tim my 12 s6 nguyén duong nhd nhat m sao
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cho
Zk,m — (1 . nm)xk + nmyk

FEM ) = () + () > —E[GOF) - G()

Z\\

(3.28)
it g = 0", 2 =2
Buodc 3. Chon
wh e oy f (2, x5,
Hy={x e R": (W x—x") + f(Z,4) <0},
Tinh
= P (), (3.29)

trong do

Ck:CQHtka
t, € argmax{d(x*,H;): 0 < j <k},

va quay veé Budc ldp k v6i k dugc thay béi k + 1.
Pé chiing minh su hoi tu ctia Thuit toan 3.4, chiing ta can st dung bd dé sau.
B& dé 3.2.4. Tai méi budc ldp k, néu y* # x* thi ta co:
(i) Quy tdc tim kiém theo tia 1 va 2 la xdc dinh tot;
(ii) f(z*,x5) > 0.

Chitng minh. Chiing minh ctia b8 dé nay c6 nhiéu diém giéng véi chitng minh clia cic
tac gia T. D. Quoc, L. D. Muu va N. V. Hien trong [42].
(i) Pau tién, ching tdi chi ra ring quy tic tim kiém theo tia (3.27) 12 x4c dinh t6t. That

viy, gia st ngudc lai rang véi moi sb nguyén duong m, ta cé

FE ) = () < BIGOH) — G() — (VG (k) of — ). (3.30)

)
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Vin € (0,1) nén ta c6 7™ — x* khi m — oo. Theo gié thiét (%, ), ta cé f(z5",xF) — 0

va f(Z5", yK) — f(x*,y%) khi m — oo, Vi viy, cho m — oo trong (3.30), ta thu dudc
) < 1604 — 6) - (VG() - )

hay la

P+ T1604 - G — (VG =) = 0.
Boivip € (0,1),p > 0,[G() = G(x*) = (VG(x*),y* —=x*)] > ¢[y* —+*[> > 0, nén ta
co

1

S+ 260N = G = (V) )] 2 0.
Diéu nay mau thuin véi diéu kién diing ctia Thuét toan 3.4. Vi vdy, quy tic tim kiém
theo tia 1 12 x4c dinh t6t.
Bay gid, chiing toi chi ra ring quy tic tim kiém theo tia (3.28) 1a x4c dinh tot. Gia st

ngudc lai ring véi moi s6 nguyén ducng m, ta c6
u
S o) = ) + () < —E[G(y") — G() = {(VG(x),y* —x)].

Lap luan tuong tu nhu trong chiing minh véi quy tic tim kiém theo tia 1, cho m — o

trong bat dang thic trén, ta c6

FOE ) — £ + (639 < —E[G0K) — G(H) — (VG(4), 3¢ — 4],

©

hay la G(y*) — G(x*) — (VG(x*),y* —x*) < 0. Diéu nay chi xdy ra khi x* = y*, hay
la f(xk,y%) + %[G(yk) — G(x*) — (VG(x¥),y* — xF)] = 0. Diéu nay mau thuén vé6i diéu
kién ding ctia Thut toan 3.4. Do d6, quy tic tim kiém theo tia 2 12 xdc dinh t6t.

(i) St dung gi thiét () va dinh nghia ctia ham 16i, ta c6

Mef (05 + (1= m) (25 > £ 0 + (1 —m)xb)
= f(zk,zk) =0.

Diéu nay dan t6i

Ml (25, 08) — ()] < £ 5. (3.31)
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Truong hop 1. Ta lua chon quy tac tim kiém theo tia 1 trong tinh toan. Khi d6, ta c6

£
P
trong d6 bét dang thic thit hai nhan dudc tif tinh 16i manh cta ¢ va xf £ yK. Tir (3.31)
va (3.32), ta co

F(& 2 = £ > =GN — G — (VG(),»F —x4)] > 0, (3.32)

f(ZF 6 > %[G(yk) — G(xX*) — (VG(x),y* —x)] > 0. (3.33)

Truong hop 2. Ta lua chon quy tic tim kiém theo tia 2 trong tinh todn. Tl quy tic tim
kiém theo tia 2 va diéu kién diing ctia Thuat toan 3.4 ta c6
U
f(Zkaxk) _f(Zkayk) > _f<xk?yk) o E[G(yk) o G<xk) - <VG(xk)7yk _Xk>]
l—u
> T[G(yk) —G() = (VG("),y =),

Két hop véi (3.31), ta ¢

A =l ) = 1) > BE R G046 - (V6 o) >0
(3.34)
]

Bay gio, chung t6i sé chi ra su hoi tu cua Thuat toan 3.4 trong dinh ly sau day.

Dinh ly 3.2.5. Gid si rang f théa man hai diéu kién (%,),(%,), G la ham khd vi lién
tuc va 16i manh trén C vdi hé sé T > 0, va tdp nghiém Sy la khdc rong. Khi do, ddy

{x} sinh béi Thudt todn 3.4 héi tu tdi mét nghiém x* ciia bai todn EP(C, f).

Chiing minh. Chung t6i chia chiing minh cua dinh ly nay thanh ba buéc nhu sau.
Budc 1. Chiing t6i chi ra (N7_oH;) NC # 0, ton tai gi6i han limy . [[x* — p]| v6i
moi p € (N7_oH;) NC va
lim d(x*, Hy) = lim d(x*, H,) = 0.
k—yo0 k—>o0

That vay, vi Sy # 0, nén lay p € Sy, ta cé

fy,p) <0, VyeC.
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Thay thé y = z* € C vao bét dang thiic trén, ta c6
£, p) <0, Vk. (3.35)
Vi wk € o f(z%,xF), nén ta c6
f(&p) = f& )+ (W p =), (3.36)
Tu (3.35) va (3.36), ta thu dugc

F(&E )+ (wh p—xFy <0, Vi
Diéu nay c6 nghiala p € (N7_oH,) NC. Tic 1a, ta c6
Sy C (ﬂ;o:OHj) NC.

RG rang rang p € H, NC, tic 13, p € Cy. Vi vy, Pc,(p) = p. St dung (3.29) va tinh

chit khong gidn ctia phép chiéu, ta thu dudc

k k k
I = pll = [P, (") = Pe(p)I] < [Ix* = pll-

Do d6, gi6i han limy_,., ||x* — p|| tdn tai. Vi vdy, {x*} 12 ddy bi chin. Theo B& dé 3.2.3,
{y*} ciing bi chin. Tir d6, ta nhan dudc tinh bi chiin ctia day {z*}. Ap dung B dé 3.2.2,
ta ciing thu dudc tinh bi chiin ctia diy {wk}.

Vi X = Pe, () vap € Cynéntac
d* (6, Cp) = || =P < [l = pl? — o — 2. (3.37)
Mat khac, theo dinh nghia cta #; va Cy, ta c6
0 <d*(X Hy) < d*(X H,) < d*(*,C). (3.38)
Tir (3.37), (3.38) va viéc ton tai gidi han limy_,.. |[x* — p||, ta ¢6
lim d(x* Hy) = lim d(x*,H,) = 0. (3.39)

Budc 2. Ta chi ra rang diy {x*} hoi tu t6i mot diém x* € (NToH;) NC.

That vay, gia st rang x* 12 mot diém tu cta ddy {x*}. Khi d6, ton tai mot ddy con {x*}
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ctia diy {x*} sao cho lim;_,..x" = x*.

Tu dinh nghia cuia 7, ta co
0 <d(x* H;) <d(x* H,), véimdi i=0,1,....k.

Két hop v6i limy e d (x*, H;, ) = 0, ta c6 limy_eod (x*, H;) = 0 v6i bAtky i > 0 cb dinh.
Vi vay,

lim d(x*, H;) = 0.

[—o0

Dit yki := Py, (x*1). Khi d6, ta c6
lim |[x* —y¥ || = 0.
[—oo
Két hop véi lim;_,e. xK = x* ta suy ra lim;_,e y¥ = x*.
Vi {y¥} C H; va H; 1a tip déng, nén ta suy ra x* € H;NC . Vi vay,
Do do, tu Budc 1 trong chiing minh nay, ta c6
lim ||x* —x*|| = lim ||x* —x*|| = 0.
k—o0 | —o0

Vi vay, {x} la ddy hoi tu t6i x* € (NT_oH;) NC.
Budc 3. x* trong Budc 2 ctia chiing minh 1a mot nghiém cia bai toan EP(C, f).
Tur Budc 1, ta co

k k
0 = lim d(s*, Hy) = tim 225,
k—>o0 k—yo0 HwkH

Két hop véi tinh bi chin ctia day {w*} va (3.33) (néu ta diing quy tic tim kiém theo tia

1), hodc (3.34) (néu ta dung quy tic tim kiém theo tia 2), ta c6

lim m [G(y*) — G(X*) — (VG("),y* — )] = 0. (3.40)

k—so0
Bay gio, ta xét hai trudng hdp sau:

Truong hop 1. limsup;_,,, Ni > 0.

Khi d6, ton tai 7 > 0 va mot day con {ny,} C {ni} sao cho ny, > 7, Vi. Tt (3.40), ta

CcO

lim[G(Y") — G(x) — (VG (), —x7)] = 0,

i—voo
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Két hop v6i tinh chét 16i manh ctia G
G() = G(x) = (VG(xf), yh =) > |y =) > 0,
ta thu dudc
lim x4 — ¥ = 0.
i—o0
Do xK — x* nén suy ra y¥ — x*.
Bay gio, tt Budc 1 cia Thuat toan 3.4, ta c6

. . . 1 ‘ . .
i = argmin { f(44,y) + S[G0) = GUk) = (VG0 y b v € c}.

Ap dung diéu kién tbi uu, ta thu dudc
R : , ,
0. € Af (,y) + ZIVGHH) = VG +Ne().

Do d6, ton tai vk € oy f(xki,y%i) sao cho

i %wccka) VG € Ne(y).

Diéu nay nghia la

1
(ki y — ¥y + 5<VG<y"f) —VG(x*),y—yk) >0, vy e C. (3.41)

Mit khic, V& € oy f(x*,y%). Theo dinh nghia dudi vi phan, ta c6
Fy) = f R — iy —yh) >0, Wy eC. (3.42)

Tir (3.41) va (3.42), ta c6

1
FOH3) = fE )+ 2VGON) = VG (M), y =5 20, Wy €C,

Cho i — oo, sit dung gia thiét (%,), x — x*,y% — x* va tinh kha vi lién tuc cia G, ta
co

f(x*,y)>0 VyeC.
Do d6, x* 1a mdt nghiém cua bai toan EP(C, f).

Truong hop 2. limy_,. Mg = 0.
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Tut tinh bi chiin ctia ddy {y*}, ta suy ra ton tai mot day {y*} C {y*} sao cho y* — j khi

i — oo, Mat khac, ta co
: : . 1 : ‘ :
= argmin {(,9) + 1G0) = G — (VG0 =] - y e .

Tu do, ta suy ra

F8.59) 2 G0%) = G4 — (VG404 —)] € F.3) 45 60) = Gl — (V) y =),

v6i moi y € C. Cho i — oo va sti dung gia thiét (%), x5 — x*,y% — 7, tinh chét kha vi

lién tuc cua G, ta co

fOE3) + ;[G(Y') —G(x") —(VG(x"), 7 —x")] < f(x",y) + ;[G(y) — G(x*) = (VG(x*),y —x*)],

(3.43)

v6i moi y € C. Theo quy tic tim kiém theo tia (3.27), v6i my, — 1, 29" 1 = (1 —

n" ki ™k a6

Lt

Pt ) = ) < BIG M) - G0 — (VG 4 =)

o

Cho i — oo, st dung (%,), 1 € (0,1) ta suy ra ring

FO5XT) = () <

° =

[G() = G(x") = (VG(x"),y —x")] < —~[G(}) = G(x") = (VG(x"),y —x7)],

|-

hay ta c6
1
O 3)+ E[G(y‘) —G(x") = (VG(x"),57—x")] > 0. (3.44)
Tu (3.43) va (3.44), ta co

f(x*,y)+%[G(y) LG — (VG(x),y—x) 20 VyeC.

Do d6, theo BS dé 3.2.3, ta suy ra ring x* 1a mot nghiém cta bai toan EP(C, f).
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Bay gio, ta chi ra rang néu ta sit dung quy tic tim kiém theo tia (3.28), thi x* ciing
12 mot nghiém ctia bai toan EP(C, f). That vay, theo quy tic tim kiém theo tia (3.28),

vOi my, — 1, Frma =l = (1 — g™kt 4 ™Ik a6
AR — )+ () < —%[G@k") — G —(VG(),y11 =)

Cho i — oo, stf dung gia thiét (%,), u € (0,1) va M, = N — 0, xki = x*, Yk,

k,~7mk.

il s 3* ta thu dudc

SFOEXT) = f5,9) + f(x,5) < —%[G(y‘) —G(x") —(VG(x"), 7 —x7)].

Tur day suy ra rang

G(y) - G(x") —(VG(x),y—x") <0.

Két hop vdi tinh 16i manh clia G, ta c6 x* = y. Thay thé x* = ¥ vao vé trdi ctia (3.43),

ta cling thu dugc

1 — * — *
fxy)+ E[G(y) —G(x") —(VG(x"),y—x")] > 0, Vy € C,
hay x* 1a mot nghiém ctia bai toan EP(C, f) theo B& dé 3.2.3.

]

Mot uu diém ctia Thuat toan 3.4 1a 4p dung d€ gidi dugc cho bai todn cin bing
khong don diéu va khong Lipschitz ma khong can sit dung phuong phap chiéu thu hep.
Tuy nhién, trong Budc 2 ctia thut toan nay, chiing ta cAn phai thuc hién mot quy tic
tim kiém theo tia d€ xac dinh do dai budc. Diéu nay din dén chi phi tinh todn 16n, dic
biét khi s6 chiéu khong gian n 16n va f c6 cAu tric phic tap. Do d6, ching tdi dé xuat
thuat toan sau 4p dung khi song ham f thda man thém mot gia thiét 1 diéu kién kiéu
Lipschitz v6i hai hiang s6 ¢ va ¢,. Khi d6, quy tic tim kiém theo tia trong Budc 2 clia
Thuat todn 3.4 c6 thé dudc loai bo.

Thuat toan 3.5
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Budc khdi tao. Ly x° € C, chon cic tham sé p € (0,1) vi p,A saocho 0 < p <
(I—p)t (I-m)T=pcy 1 x5 ™ TL—PC 1yx _
- ,0<A < oo ,hoacO<p<c2,O<l§,/ oer .PatCy=C.

Budc ldp k (k=0,1,2,...). C6 x* thuc hién céc budc sau:

Budc 1. Tinh

) 1
y* = argmin { f(x¥,y) + SIG0) = G0) = (VG6() =] 1y € c}.

Néu f(¥*,) + 5 [G(") — G(x*) = (VG(H),y* —x*)] > 0, thi dimg thuat
toan va x* 12 mot nghiém ctia bai todn EP(C, f). Trai lai, chuyén sang Budc

2.
Buéc 2. Tinh ¥ = (1 — A )x* 4 Ayk.
Budc 3. Chon wk € 9, f(ZF,x%). Dt
Hy = {x e R": (W x—x*) + f(Z,4) <0},
Tinh
= P, (),
trong do
Cc=CNH,,
t, € argmax{d(x*,H;): 0 < j <k},
va quay vé Budc lip k v6i k dudc thay béi k+ 1.

Chung t6i da chiing minh dugc su hoi tu ciia Thuat toan 3.5 trong ndi dung dinh 1y sau.

Dinh ly 3.2.6. Gid sit song ham f théa man cdc gid thiét (#)) - ($3) (véi cdc hing
s0 c1,c¢3 dd xdc dinh duoc), G la mot ham khd vi lién tuc va 16i manh véi hé sé T > 0
va Sy la khdc réng. Khi do, day {x*} sinh béi Thudt todn 3.5 hoi tu téi mét nghiém x*

cua bai todn EP(C, f).

Chitng minh. Ta ludn c6 (diéu kién diing ctia Thuat toan 3.5)

F ) < —%[G(y’w —GOH) — (VG 2], (3.45)
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Bay gio, ta xét hai truong hgp sau.

Truong hop 1. Hai tham sé p, A théaman 0 < p < U=HT o<} <, /UzHT=pe

e pci )
Vi f thoa man diéu kién kiéu Lipschitz v6i hé s6 ¢y va ca, A > 0,A% < (1_’2+pc2 va
do tinh 16i manh ctia ¢, ta c6
F@5) = £ = F68 00 < erll = P + ol =3P (3.46)
= (1A% +c2) ¥ = yF|1?
(I-wt k kg2
<(ci(—————)+)|x —
(2 By e |
(I—p)t
= ——— |l = F|)?
p
l—p
< T[G(yk) —G(x") = (VG(x),y = 2).
Cong (3.45) v6i (3.46), ta nhan dudc
u
FE ) = F(E ) < =GN = G(F) — (VG(xH).y* =) (3.47)

P

St dung gié thiét (%)) va dinh nghia ctia ham 13i, ta c6
0=f("2) = f", (1= + /) (A=) D) +Af(EEHY). (3.48)
Két hop v6i (3.47), ta ¢

FEEA) 2 A(F(A) = £

> %“[G@") G — (V) — Y] > 0.

Phan con lai ctia chitng minh dudc thuc hién tuong tu nhu trong chifng minh ctia Pinh
ly 3.2.5. Chung ta két thic chitng minh ctia dinh ly nay cho Trudng hop 1.
Truong hop 2. Hai tham s6 p, A théamin 0 < p < %,0 <A<, /%.

Vi f thoa man diéu kién ki€u Lipschitz véi hai hang s6 ¢; va ca, A > 0,A% < %

két hop véi tinh chat 16i manh cta G, ta c6

FE )+ FOE ) = () > —er |2 = | = ea]x* =¥

= —(c1A? + )l — |2
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C 2 C
> TG4 Gk — (VG o )
]PCIZ)—;IT.U_Cz k k k\ Lk k
> 021G — G — (V6. o~ )]

. —%[G(y’v — G — (VG Y =], (3.49)
Cong (3.45) véi (3.49), ta c6

(6 = f(F 5 > I_T“[G(yk) — G(x") = (VG (x*),y* — xM)] (3.50)

Két hop véi (3.48), ta thu ducc

A(l—u)

5 [GOM) =G~ (VG(H),y =) > 0.

FEEA) 2 A ) = £(25) >

Phan con lai clia chitng minh dudc thyc hién tuong ty nhu trong chiing minh ctia Pinh

ly 3.2.5. Chung ta két thic chiing minh cta dinh ly nay cho Trudng hop 2. ]

Uu diém ctia Thuat todn 3.5 12 ta c6 thé d4p dung cho mot 16p cac bai todn cin bing
khong don diéu va thda man diéu kién kiéu Lipschitz, ma khong can thuc hién quy tic
tim kiém theo tia d€ tim do dai budc. Tuy nhién, do dai budc nay ty 1& nghich véi %
trong d6 ¢ = max{cy,c,}, vi vy, khi hé s6 ki€u Lipschitz ctia £ 12 16n thi do dai budc
nho va thuit todn cé thé cham. Do d6, khi hé sb ¢ cta f 1a chua biét hoic 1a 16n, thi
chiing to6i dé xuat mot thuét toan c6 do dai buée khong phu thudce vao hé sbé Lipschitz
cua f nhu sau.

Thuat toan 3.6

Budc khdi tao. Lay x~!,x°,y° € C. Chon cic tham s6 nhu sau p >0, 8 € (0, §—;),

A_1 € (0,%). Lay {&} C (0,) la mot diy khong ting théa man lim; .. &; = 0.
batCy=Cvai=k=0.

Budc lip k (k=10,1,2,...). C6 x*,yk, A ta thuc hién cic budc sau:
Budc 1. Lay wk € o, f(y*,x5). Dt

Hy = {x e R": (W, x—x*) + f (5%, x5) < 0}.
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Tinh
xk—i—l :PCk(Xk>7

trong dé

Ck:CQHZk,
t, € argmax{d(x*,H;): 0 < j < k}.

Budc 2. Néu

(e =y 2+ Iy =)

A (PO = ) — 0k ) < 2

thi dat Ay = A4_1 ngudgc lai dati =i+ 1 va Ay = §;. Tinh

. 1
Y = argmin { A f () + 5[G0) =G — (VG y—2) :y € c}.
Néu y**1 = x* thi diing thuat toan va x* 12 mot nghiém ctia bai toan EP(C, f).

Trai lai, chuyén sang Budc lidp k vé6i k dugc thay bdi k+ 1.

Sau day, chiing t6i trinh bay két qua hoi tu cho Thuit toan 3.6 thong qua nodi dung cia

dinh ly sau.

Dinh ly 3.2.7. Gid sit song ham cdn bang f théa mdn cdc diéu kién (%) - (%) (vdi
hdang sé c1,ca chua biét), G la mot ham khd vi lién tuc va 16i manh véi hé s6 T > 0 va
tdp nghiém Sy la khdc réng. Khi do, day {x*} sinh béi Thut todn 3.6 héi tu t6i mot

nghiém x* ciia bai todn cdn bang EP(C, f).

Chiing minh. Chung t6i chia chiing minh cua dinh ly nay thanh ba buéc nhé nhu sau:
Budc 1. Ta chi ra rang véi bat ky p € (NF_oH;) NC cb dinh, ton tai limy . [|x* — p]],
va

lim d(x*, H) = lim d(x*, H;,) = lim [|x* —X*"!|| = 0.

That vay, vi Sy # 0 nén lay p € Sy, tacé

fy,p) <0, VyeC.
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Thay thé y = y* € C vao bat dang thic trén, ta c6
fG*,p) <0, Vk. (3.51)

Viwk € 9, f(*,x), nén ta c6

FOFp) > FO55) + (W p— ). (3.52)
Tt (3.51) va (3.52), ta nhan dugdc
FORA) + Wk p—x5)y <0, Vi

Diéu nay c6 nghiala p € (N7oH;)NC,
hay la
Su C (NFZoH;)NC.
RG rang rang p € H,, NC, tiic 13, p € Cr. Vi vay, P, (p) = p. St dung x**! = P, (x)
va tinh chit khong gidn ctia phép chiéu, ta thu duoc

= pll = [[Pe, (&) = Pe(p) | < [Ix* — p].
Vi vay, gidi han limy_,.. ||x* — p|| 12 tdn tai va day {x*} 1a bi chiin.
Tir dinh nghia ctia ddy {A;} va tinh chit diy duong khong ting ctia {&;}, ta suy ra ring
{A} 1a day duong khong ting. Bay gio, ta chiing minh rang {4} - 0. Gia st ngudc
lai rang A — 0. Khi d6, ton tai mot day con {4, } C {4} sao cho
_ _ 0 _
R (1) — P ) — e, 40)) > & bt g2y — ),
Két hgp v6i gid thiét (%) va dit ¢ = max{cy, ¢z}, tacd
0 _ _ _
Iy e 2) < g (T ) — £ y8) — o, 0)
< A1 (e ™= Y2 o[y — ) ?)
< Mg mae ([ =y 2y — o).

Diéu nay nghia 1a % < ¢y, 1 v6i moi n > 0. Diéu nay mau thuin véi gia thiét A, — 0.

Do d6, A4 - 0. Vi vy, ton tai mot s6 kg > 0 sao cho

Dt (FOE1 ) = A1 — O ) < §<||xk—1 =P+ I =X, 3:53)
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va Ay = A1 v6i moi k > k.
Néu k >kothi Ay =1 =...= A’ko va
. 1

Y = argmin{24, f(24,9) + 71G0) = G() — (VG()y x5 :y € C}.
Theo B6 dé 3.2.3, ta nhan dudc tinh bi chin cla day {yk}kzko. Néu k < ko, thi dit
M = max{|[y°[[, Iy"][,-.., |[y*0~ 1|} va ta ludn c6 ||y¥|| < M véi moi k < ko. Tém lai, ta
ludn c6 {y*} 1a day bi chiin. Xét day {wk} véi w* € oy f(y*,x¥), theo B dé 3.2.2, ta thu
dugc tinh bi chin ctia diy {wk}.

B&i vi X! = P (x*) va p € G, nén ta c6
d* (&, C) = || =P < [ = p||? = [ = pl . (3.54)
Mat khac, theo dinh nghia cia #; va Cy, ta c6
0 < d*(xF Hy) < d*(XF H,) < d* (65, Cp). (3.55)
Tir (3.54), (3.55) va gi6i han limy_,.. |[x* — p|| tdn tai, ta thu dugc

lim d(x*, Hy) = lim d(x*, H, ) = lim [F — x| = 0. (3.56)
—»00

k—>o0 k—o0
Budc 2. Ta chi ra ddy {x*} hoi tu t6i diém x* € (N7_,H,) NC nao dé.
That vay, gia st rang x* 12 mot diém tu ctia diy {x*}. Khi do, ton tai mot day con {x*1}
ctia day {x*} sao cho lim;_,., x¥ = x*.

Tu dinh nghia cua #, ta c
0 <d(x* H;) <d(x* H,), véiméi i=0,1,....k.

Két hgp v6i limy_,e d(x*, H, ) = 0, ta ¢6 limy_..d (x*, H;) = 0 v6i bat ky i > 0 ¢b dinh.
Vi vy,
lim d(x*, H;) = 0.

[—o0
Dit y& 1= Py (x!1). Khi do,

lim |[x¥ —y¥ || = 0.

[—oo
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Két hop v6i limy_se " = x* ta c6 limy_yeo yX = x*.

Vi {y¥} C H; va H; 1a tap d6ng nén ta suy ra x* € H;NC . Do dé,
x" € (NToH;) NC.
Tit két qua trong Buéc 1 clia chiing minh nay, ta c6 limy_,., ||x* — x*|| ton tai. Vi vay,
lim ||x* —x*|| = lim ||x* —x*|| =0
k—>o0 [—ro0
Do d6, day {x"} hoi tu t6i x* € (NT_oH;) NC.
Budc 3. Ta chi raring x* trong Budc 2 chitng minh 12 nghiém ctia bai toan EP(C, f).

Bay gio, tu Budc 2 cua Thuat toan 3.6, ta co
= argmin{Auf(£-.) + S 16() = G() = (VO().y—)] y €C).
St dung diéu kién tdi vu, ta cé
0 € Adnf (5 1) + 2 IVGOH) = VO] +NeH ).
Do d6, ton tai v € o> f(x¥,y**1) sao cho
2k =S IVGOH) - VG € Nl ),
Diéu nay nghia 1a

(ar + %[VG(y"“) VG, -y 20, V2 e €,

hay la
1

—(VG(x) = VGO, z =y < (k2 =y vz e C. (3.57)
Vivk € dp f(x*,y¥+1) nén ta c6
5 2) = (Y > (F 2y vz e (3.58)

Tu (3.57) va (3.58), ta nhan dudc

%WG(x) VG, z y"“>§kk(f(x",z)—f( ",y"“)),vZec. (3.59)
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Theo Budc 1 trong chitng minh nay, ta c6

k .k
lim d(x*, H;) = lim M ~0.
k—roo k—>oo ||W ||

K&t hop v6i tinh bi chiin ctia day {w*}, ta thu dugc

lim f(y*,x*) = 0. (3.60)

k—>oo

St dung gia thiét (%) va x* — x*, ta c6

tim (244 ) =0 3.61)
V6i moi k > kg, ta ¢
ka—H _x*||2: ||xk+l_xk+xk_x*||2 (362)

= [ — x| 4 T =P 20— X = x)

o — o2 [ — P 20T kT Ty
S [ R Y
e TR LS TSR
o — P [ 2 R — 2

+2<yk+1 _xk’yk+l _xk+1> +2<xk+l _xk,xk+l _x*>_
Mit khac,

2<yk+1 ok ] _xk+1> _ 2||yk+] —xk||2+2(yk+l _Xk,xk_xk“) (3.63)

2
< (VGO = VG, =) 20/ — o =)

< Lﬁkpf(xk,ykﬂ) T

trong d6 bat dang thifc diu tién suy tir tinh chét 16i manh ctia G va bat dang thic thi

hai suy tir (3.59) v6i z = x* va
||xk+l _yk+1||2 _ ||yk+1 —Xk||2+ ||xk+1 _xk||2+2<xk+l _xk,xk_yk+1>_ (3.64)

Tu (3.62), (3.63) va (3.64), v6i moi k > ko, ta co

2
k 2 k 2 k k(2 k k2 kP 0k k+1
[ — |12 <l = X2 = 2 = )P = T =2 —Tf(x Y
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+2(xk+1 ik ket )
< = 2 2 -

+ 2Tp)~k(f()’k+l,xk+1) — O, D)

T N TR S SRS T R C
~

. po p6
P (2- 7)I|y"+1 —xX|P = [ =P+ §||y"+1 — X

+ Z)Vkop

OB A4 = kAR 20—k ),

trong d6 bat dang thiic thit hai suy tir (3.53) bang cach dit k := k — 1 va dang thic nhan
dudc tit A = Ax_; v6i moi k > ko. Thay thé (3.64) vao bit dang thic trén, ta nhan dudc
3p6 0
45— | < ok =2 = (2= 2 P - (1= D

2T
2pA,
P (K (k)

6
PT<I<+1 xk k k+1> 2<xk+1 xk,ka ).
Vi vy,

30 ka1 P2 12 k1 )2 PO ki1 2
< < Ik — _ _ —(1-=Z _
0<(2— o —)ly 17 <[] — x> = ||x X =1 2r)Hx bl
201
PO [ () ek k)

0
i pT<Xk+l R R Ly okl Ty

Cho k — oo, st dung 6 € (0, g‘;) limy_,., [|x* —x*|| = 0, tinh bi chiin ctia cac day {x*}

va {y*}, cac dang thiic (3.56), (3.60) va (3.61) ta c6
lim ||x* =y = 0. (3.65)
k—>o0
Két hop véi x* — x*, ta c6 y*T!1 — x*. Tt (3.59), ta c6 v6i moi z € C
Mo f(,2) 2 —(VG() = VGO, 2= Y1) 4 Ay f(, )

<VG( ) VG( k+1) k+1>—|—)~ <k k+1 Xk>

‘Olb—bl»—k

1
> —EHVG(X") = VGO llz =y = g [l =[], (3.66)
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trong d6 uf € oy f(x*,x*). Do x¥ — x* va B8 dé 3.2.2, ta c6 tinh bi chiin ctia day {u*}.
Cho k — o trong (3.66), st dung gia thiét (%,), (3.65), tinh bi chiin ctia day {u*}, {y*},

k41

x% — x*, ¥k — x* va tinh kha vi lién tuc cia G, ta c6

Mo f(x*,2) >0, Vz € C,
hay la f(x*,z) > 0,Vz € C. Vi viy, x* la mOt nghiém cua bai toan EP(C, f).
[]
Trong trudng hop, néu f(x,y) = (F(x),y —x), véi F : Q@ — R" 1a ham lién tuc
Lipschitz véi hé sb L, thi ching t6i dé xuit thuit todn méi sau dé€ gidi bai toan bat
dang thic bién phan khong don diéu va théa man diéu kién Lipschitz, trong dé hing

s6 Lipschitz chua biét, ma khong can st dung quy tic tim kiém theo tia d& tim do dai

budc.

Thuat toan 3.7
Buidc khdi tao. Lay x~1,x%,y° € C. Chon cic tham s6 p > 0, 6 € (0, ;‘—;),/Ll €
(0,00). Chon {8} C (0,00) la day khong tang thda man lim;_,.. ; = 0. Bat Cy =
C,vai=k=0.

Budc lip k (k=0,1,2,...). C6 x*,yk, A ta thuc hién cic budc sau:

Budc 1. Dat
Hy={xeR": (F(y*),x—y*) <0}.
Tinh
X =P (4,
trong do

Ck:CﬂHlk)
t, € argmax{d(x*,H;): 0 < j < k}.

Bude 2. Néu g1 (F (X4 1) = F (), 25 = y8) <G ([l =412 + [ly* =)
thi dat Ay = A4 ngudc lai dati =i+ 1 va A = §;. Tinh

Y = Pe(f = p P (6)).



106

Néu y**1 = x* thi diing thuat toan va x* 12 mot nghiém ctia bai toan VIP(C, F).

Ngudc lai, chuyén sang Budc ldp k v6i k ducc thay béi k+ 1.

Heé qua 3.2.8. Gid sit F la lién tuc Lipschitz véi hé s6 L trén Q (véi hang sé Lipschitz
L chua biét), va tdp nghiém ciia bai todin MVIP(C, F) la khdc rong. Khi do, diy {x*}

sinh bdi Thudt todn 3.7 hoi tu tdi mot nghiém cua bai todn VIP(C, F).

3.2.3 Cac vi du minh hoa

Hai vi du trong phan nay dudc ching t6i dé xuat d€ so sanh ba thuit toan 3.4, 3.5
va 3.6 ctia ching toi véi thuat toan SVN. Céc chuong trinh dudc viét bang ngén ngit
lap trinh Matlab, phién ban R2014 trén Laptop Dell v6i ciu hinh Intel(R) Core(TM)
17-4600U, 2.7GHz, Ram 8.00 GB.

Vi du 3.2.9. Chiing toi xét bai todn can bing EP(C, f) v6i C = [—1,1]" C R" va

|IXIIZZ i Xi),

voix = (x1,....x) T,y = (y1,...,yn)T €C.
Nhan thiy ring song ham f 12 khong don diéu trén C. That vay, véi = (0,0,...,0)7 €C
vay=(—1,0,...,0)T €Ctacé

F(5.9) = TP X (i~ 5) = 032 £(5,5) = [5IPEL, (B —5) = 1 > 0.

Bay gio, ta di tim hé s6 kiéu Lipschitz cta f. Ta c6

n

F2) = fy) = f(v2) = (Il = I911%) ). (=

i=1

g\/ (I ||y||>i Y

i
-
-

M= EM=

= (xi +yi)( )”Z y|l
i=1
n
< Z yi))*llz =yl
n
S\/4n22 —yi)?llz—yl
i=1
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=2n|jx—yl|||z— ||

1
<22 lx—y[* + S lly =2l

Vi vay, f thoa man diéu kién ki€u Lipschitz trén C v6i hé sd ¢ = 2n%,c; = 5. Tap
nghiém clia bai todn nay va bai toan Minty 1an lugt 1a

S =1{(0,0,...,0)7, (=1,—1,....,— DT} va Sy = {(—1,—-1,....— )T}
Chiing i xét Thuat todn 3.4, 3.5 va 3.6 v6i G(x) = %||x||* va t = 1. Ching toi
tién hanh tinh toan Thuat toan SVN véi tham s6 p = 1,1 = 0.99, Thuat toan 3.4
v6i cac tham s6 p = 1, 1 = 0.99, u = 0.5, Thuat toan 3.5 véi tham sb u = 0.5,
p =045 A =/ UHTP2 Thyat todn 3.6 v6i tham sé p =1, 6 = A_; = 0.5,

pci
{&} = {k—i%l}kzl' Diém xuét phat ciia Thuat todn SVN, Thuat toan 3.4 va Thuat toan
3.51ax% = (-0.5,-0.5,...,—0.5)7. Diém xuit phat ca Thuat toan 3.6 1a x ! = x0 =

0 = (—0.5,-0.5,...,—0.5)". D€ két thiic Thuat toan SVN, Thuat toan 3.4 va Thuat

todn 3.5, ching tdi dung tiéu chuan ding Err = L kﬂx i < 1074, € két thic Thuat

todn 3.6, ching toi dung tiéu chuan ding Err = ”xkaﬂ <104, Cac két qua tinh todn

dudgc trinh bay trong Bang 3.5.
Tit tinh toan thuc té, ching toi nhan thiy rang néu song ham f khong qua phiic tap
va hé sb Lipschitz 16n, thi Thuat toan 3.5 khong hiéu qua, thdi gian tinh toan va s

budc 13p 16n hon nhiéu so véi cac thuat todn con lai.

Vi du 3.2.10. Trong vi du nay, ching t6i xét bai todn can bang EP(C, f) véi
€= [nm, )" va f(x.y) = Ty (i — ) cos 2 4+ G(y) — G(x).

trong d6 G(x) = G(x1,x2,...,X,) = max{0, =5F —x1, =5 —x2,..., = — X }.
Xétx= (—tE oz ox oy g (—mmoax onx 05T a6 G(%) = G(F) = 0,
f(x,y) =55 >0va f(7,%) = (\[12[) > 0. Do do, f la khong don diéu trén C. Ta nhan
thiy ring

S = {(~ =) (BB B) Y i Sy = {(—F— =),
Vi

f(x,2) = fx,y) = f(3,2) = i(Zi —xi)cos% +G(z) —G(x) — Zn:(y,- —xi)cos)ﬁ
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TT. SVN linl TT. SVN lin2 TT. 3.4 linl
" CPU(s) Iter. CPU(s) Iter. CPU(s) Iter.
10 | 0.0624 4 0.0468 4 0.0624 4
20 | 0.078 4 0.0936 4 0.0468 4
50 | 0.0468 4 0.078 4 0.0468 4
100 | 0.0936 4 0.1248 4 0.0936 4
TT. 3.4 lin2 TT. 3.5 TT. 3.6
" CPU(s) Iter. CPU(s) Iter. CPU(s) Iter.
10 | 0.0312 4 8.9077 293 0.0936 4
20 | 0.0468 4 22.67 445 0.2028 4
50 | 0.078 4 67.2676 835 0.1872 4
100 | 0.078 4 129.8396 1300 0.5772 4

Bang 3.5: Két qua tinh toan cho Vi du 3.2.9

n
- Z —Yi COS——G( )+G(y)
n
= Z(Zi — ) (cos)i —cos )ﬁ)
: n n
n n
< . v:)2 ( )i_ &)
_\/izi(z, Vi) \/lz cos - —cos
=||z—| Xn:4 sinxi_yisinxi+yi 2
Y 2n 2n
<|lz— y\/Z4sm i

= ;Hz—yllllx—yH

1 2 1 2
< Ny — 7 —
< =l =yl + 5=,

1 p _ 1
—2V3.C2—§.

nén f thda man diéu kién kiéu Lipschitz véi hing sb ¢; = 5

Bay gi0, ta tim dudi vi phan dG(x) bang cach xét hai trudng hop sau.

Truong hop 1.
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Truong hgp 1.1. Néu —% < x; < *F v6imoi i = 1,...,n, thi G(x) = 0 va dudi vi phan
dG(x) = {(0,0,...,0)T}.

Truong hop 1.2. Néu ton tai mot tap I, = {iy, i, ...,ix}, (k> 1) sao cho

Gx)=0=———xij =——F —Xj = .= —— — X,

2

thi aG(x) = {_Ziela O‘iei:Ziela a4 <1,0<o;<1, Vi Ela}, trong d6 e; = (0, vy 1, ...,O)T
la vec to don vi thu i.

Truong hop 2. Néu ton tai mot tap I, = {iy,ia,...,ir}, (k> 1) sao cho

nmw nmw nmw
TN = T T X = = T T Xy

2

thi 0G(x) = {— Lic;, i€i: Yies, 6 =1,0<o; <1, Vi€ l,}, trongdde; = (0, ..., 1,...,0)7
la vec to don vi thu i.

Do do, ta co

k k
o f (K, xF) = {(cos Z—l,...,cos %”) +uk ik e 8go(xk)}.

n
Ching t6i xét Thudt toan 3.4 dén Thuat toan 3.6 v6i G(x) = 1|x||* va T = 1. Chiing
t6i tién hanh tinh todn Thuit todn SVN véi tham sb p = 1,1 = 0.99, Thuit todn
3.4 v6i tham s6 p = 1,7 = 0.99,u = 0.5, Thuat toan 3.5 véi cic tham s6 u = 0.5,
p =045 A= ,/“‘p‘—C’I’Q, Thuat todn 3.6 véi cic tham s6 p =1, 6 = A_; = 0.5,
{&} = {kJ]r_l}kzl' Diém xuét phat ciia Thuat toan SVN, Thuat todn 3.4 va Thuat todn

N T o 2 A » 2 N , N —
351ax0 = (—%%,...,—5)" . Diém xuit phat ctia Thudt todn 3.6 1a x =0 =y0=

(— e — %) " P& két thiic Thuét toan SVN, Thuét toan 3.4 va Thuit toan 3.5, ching

4 N k+-1 — — 1A ’ A )3 z
toi st dung ti€u chuan dung Err = % < 10~%. D€ két thiic Thuét todn 3.6, chiing
(Bl

S 10~*. Két qua tinh toan dudc trinh bay

t6i st dung tiéu chudn dimg Err =

trong Bang 3.6 va Hinh 3.5.



110

TT. SVN linl TT. SVN lin2 TT. 3.4 linl
" CPU(s) Iter. CPU(s) Iter. CPU(s) Iter.
10 42.2 354 16.4 157 3.6 67
20 | 81.67 608 24.45 276 6.68 122
50 | 685.16 1181 215.77 567 21.89 259
100 | 3885.78 1869 088.11 948 56.83 449
TT. 3.4 lin2 TT. 3.5 TT. 3.6
" CPU(s) Iter. CPU(s) Iter. CPU(s) Iter.
10 | 11.34 157 2.81 47 14.18 240
20 16.7 276 2.32 47 27.1 427
50 | 58.38 567 3.5 47 98.48 890
100 | 144.66 948 4.79 47 262.28 1508

Bang 3.6: Két qua tinh todn cho Vi du 3.2.10
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Hinh 3.5: S6 budc lip trong Vi du 3.2.10 trong trudng hop n = 50 va n = 100
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Két luin chuong 3

Trong chuong nay, ching tdi da dé xuat dugc ba thuat toan tim nghiém ctia bai
toan bat dang thic bién phan va ba thuit toan tim nghiém cla bai todn cin bang. Cac
thuét todn nay déu danh cho bai toan khong don diéu, va 1a su két hop giita phuong
phép chiéu méi (khac v6i phuong phap chiéu thu hep 6 Chuong 2) va quy tac tim kiém
theo tia hoac khong su dung quy tac tim kiém theo tia. Su hdi tu clia cac thuat todn
dugc chi rd qua céc dinh ly trong chuong. Chiing t6i cling dua ra mot vai vi du s minh

hoa cho su hdi tu clia c4c thuit toan dé xut.
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Két luan

1. Két qua dat dugc
Trong ludn an nay, ching t6i tap trung nghién ctiu phuong phap giai bai toan
can bing va bai todn bat dang thiic bién phan khong don diéu. Luan 4n da dat dugc

mot s két qua sau:

 Xdy dung dugc Thudt todn 2.1 bdng cdch két hop phuwong phdp chiéu thu hep va
cdc kiéu quy tdc tim kiém theo tia tuwong iing dé gidi bai todn cdn bang ma song
ham la khong don diéu trong khong gian Banach. Chiing minh duoc day ldp sinh
bdi thudt todn do hdi tu manh téi nghiém ciia bai todn cdan bang (Pinh ly 2.2.6),
dong thoi dp dung thudt todn vao Vi du s6 minh hoa 2.3.1. Két qud nay dugc thé
hién & [CTI].

e Xdy dung dugc hai Thudt todn 3.1 va 3.2 dé’gidi bai todn bdt ddng thiic bién phén
VIP(C,F) khong don diéu trong khong gian Euclid R". Trong truong hop dnh xa
gid F théa man thém diéu kién Lipschitz, ching toi chi cdn sit dung phuwong phdp
chiéu kiéu thich nghi, ma khong cdn thuc hién quy tdc tim kiém theo tia. Piéu
nay duoc chi ra trong Thudt todn 3.3. Chiing téi ciing dd chiing minh duoc day
ldp sinh bdi cdc thudt todn trén hdi tu toi nghiém cua bai todn dang xét (Pinh ly
3.1.4, 3.1.5, 3.1.6) va dua ra vi du sé minh hoa cho cdc thudt todn. Cdc két qud

cho bai todn bdt ddng thiic bién phdn dugc thé hién ¢ [CT2].

* Xdy dung duoc Thudt todn 3.4 dé gidi bai todn cdn bdang EP(C, f) khong don
diéu trong khong gian Euclid R". Trong truong hop song ham f thoa mdn thém
diéu kién kiéu Lipschitz, chiing téi dé xudt thém hai Thudt todn 3.5 va 3.6 ma

khong cdn ding dén quy tdc tim kiém theo tia. Chiing toi ciing chitng minh dugc
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ddy ldap sinh bdi cdc thudt todn trén hoi tu tdi nghiém cua bai todn dang xét
(Pinh Iy 3.2.5, 3.2.6, 3.2.7), dong thoi trinh bay mot s6 vi du minh hoa cho cdc

thudt todn dé xudt. Két qud nay duogc thé hién 6 [CT3].

2. Mot s6 hudng nghién ciu tiép theo
Bén canh nhiing két quéa da dat dudc trong luan 4n, mot s6 van dé chung toi tiép tuc

nghién ctiu trong thoi gian tdi la:

o Xdy dung mot sé thudt todn chiéu kiéu thich nghi gidi bai todn cdn bdang khong

don diéu trong khong gian Hilbert.

« Xdy dung thudt todn gidi bai todn cdn bang tdch, bai todn cdn bang hai cdp

khong don diéu.

 Nghién citu dé xudt thudt todn hoi tu yéu tdi nghiém ciia day ldp cho bai todn

cdn bang khong don diéu trong khong gian Banach.
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Danh muc cong trinh khoa hoc

? ’ *? 2’ oA A A ’
cua tac gia co lien quan den luan an
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